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Abstract 



C^ , A complete mathematical framework for coalgebraic formulation of supergeom- 

etry and its infinite-dimensional extension is proposed. Within this approach a 
supermanifold is defined as a graded coalgebra endowed with a smooth structure. 
The category of such coalgebras is constructed and analysed. It is shown that it 

^ I contains as its full subcategories both the category of smooth Prechet manifolds and 

tH- ' the category of finite-dimensional Berezin-Leites-Kostant supermanifolds. 

o' 

(N 

[^ 1 Introduction 

c/3 I There are basically two different approaches to supergeometry: the algebraic approach 

introduced by Berezin and Leites [||] and further developed by Kostant and Leites 



O 

• 1—1 

^' 0, cf. 0. D- ^, 01, and the geometrical approach proposed by Rogers [^ and DeWitt 



JS^ . cf.|lTO|, [TTI [T^, 13, |l^. The theoretical framework incorporating both approaches was first 

'~^' proposed by Rothstein in the form of axiomatic definition of a supermanifold [|T3| and 



further analysed and improved by Bruzzo at al |]T6[. The Berezin-Leites-Kostant (BLK) 



/\ • theory provides the simplest realisation of this axiomatic definition perfectly sufficient 

to derive all nontrivial results of finite-dimensional supergeometry including theories of: 
Lie supergroups 0, complex supermanifolds [|17|, |18|, |l9l, supersymplectic supermanifolds 



20| , pT| , or moduli of super Riemann surfaces [g^, ^, |2^, |2^ 

All these results supported by methods of algebraic and analytic geometry along with 
conceptual simplicity of the BLK approach (it does not contain any spurious Grassman 
algebra of constants) make it a perfect mathematical language for all physical applica- 
tions in which a finite-dimensional geometry is involved. In supersymmetric classical and 
quantum field theories however one has to deal with infinite-dimensional superspaces of 
supergeometric structures. A typical problem one encounters in this type of applications 
is to analyse the global structure of supermoduli intuitively constructed as a quotient of 
an infinite-dimensional supermanifold of field configurations by an infinite-dimensional 
supergroup of gauge transformations. This construction well known for "bosonic" models 



was never made rigorous in the super case. The only method available is based on finite- 



dimensional techniques of deformation theory p2|, ^, |2J]. Although it usually provides 
quite a lot of information about global geometry of the supermoduli, analysing induced 
structures seems to require constructing the quotient. The lack of rigorous and efficient 
methods of infinite-dimensional supergeometry is also responsible for the informal heuris- 
tic way one treats anticommuting classical fields in physical models. As a consequence 
the understanding of global geometry of supermanifolds of field configurations as well as 
actions of gauge supergroups on these supermanifolds is in sharp contrast with sophis- 
ticated methods of standard global functional analysis p6|, ^ and detailed knowledge 
about similar problems in "bosonic" models. 

The aim of the present paper is to construct an infinite- dimensional extension of the 
BLK supergeometry. Before discussing a possible solution to this problem, let us briefiy 
consider what kind of examples of infinite-dimensional supermanifolds one should expect 
in physical models. In the standard smooth geometry the most important and interesting 
class of objects studied via methods of functional non-linear analysis are manifolds of 
maps with possibly additional properties like that carried by sections of bundles. In 
particular manifolds of various geometrical structures belong to this class which is actually 
essential for all physical and most of mathematical applications of infinite-dimensional 



geometry |^ |2^. One can expect that also in supergeometry, supermanifolds of maps 
are fundamental for a geometric formulation of supersymmetric models. For an excellent 
heuristic discussion of the notion of map between supermanifolds in the context of physical 
applications we refer to the paper by Nelson [^. A special case of maps from the 
supermanifold S^'^ to a manifold was also analysed by Lott |^, ^. The main point is that 
supergeometry requires a notion of map essentially wider than the notion of morphism. 
This is in contrast to the standard smooth geometry where both notions coincide. 

In the BLK category morphisms are defined as even .^2-graded algebra morphisms. 
For instance for any pair A, B of supermanifolds all BLK morphisms from A to B form 
an ordinary (not graded) infinite-dimensional manifold Mor(^, ^B). One would rather 
expect a supermanifold of maps Map(^, i3) with Mor(^, i3) playing the role of its un- 
derlying manifold. In particular one would like to interpret the -^2-graded space of real 
valued sup erf unctions on a finite-dimensional supermanifold ^ as a model space of a lin- 
ear infinite-dimensional supermanifold of maps from A to M. Certainly morphisms from 
^ to iR form only the even part of this superspace. 

The fact that morphisms are not enough to capture the intuitive notion of "odd" maps 
one needs in physical application is sometimes referred to as the main shortcoming of the 
BLK theory (see for example the discussion in [0). In its simplest form the argument 
says that coefficients of a superfunction are ordinary real-valued functions which do not 
anticommute and therefore cannot provide a working model for anticommuting classical 
fields one needs in physics. 

This apparent drawback can be simply overcome by regarding anticommuting classical 
fields as odd coordinates on an infinite-dimensional supermanifold of fields configurations 



1 3^ . Within the BLK approach the odd variables {Oa}a=i can be seen as a basis in the 
odd part of a ^2-graded model space iR™'" = M"^ © iR". As such they are genuine 
"commuting" objects of standard linear algebra. The "anticommuting" nature shows up 
when elements of the dual basis {^"}q=i are interpreted as generators of the exterior 
algebra A-K"' over M"''. Following this line of thinking one can regard classical fermion 
fields as elements of the ordinary linear space JF^ of sections of an appropriate bundle, with 



T\ being the odd part of an infinite-dimensional ^2-graded model space T = Tq® T\. 
Elements of T\ anticommute as arguments of functionals from the exterior algebra KT'^^ 
and play essentially the same role as ^-variables in the finite-dimensional case. 

It should be stressed that a reasonable extension of an ordinary manifold Mor(^, i3) 
to supermanifold Map(^, i3) requires a global construction. Indeed according to the basic 
idea of the BKL approach one can think of "odd maps" as odd coordinates of an infinite 
dimensional supermanifolds of maps Map(^, B) rather then elements of some set. This 
means in particular that also the notion of composition cannot be defined point by point 
but rather as a morphism of supermanifolds 

o : Map(^,i3) X Map(i3,C) — > Map(^,C) 

where x stands for the direct product in the category of infinite-dimensional superman- 
ifolds. The obvious requirement for composition o is that its underlying map coincides 
with the standard composition of morphisms of finite-dimensional supermanifolds. 

Another problem of constructing an infinite-dimensional supergeometry is to choose 
an appropriate class of model spaces. Since the composition of morphisms in the BLK 
category involves differentiation of their coefficient functions with respect to even coordi- 
nates, smoothness is the minimal possible requirement for morphisms and functions. In 
consequence supermanifolds of supergeometrical structures which are expected to be most 
interesting objects of infinite-dimensional supergeometry should be modelled on Frechet 
spaces. 

The first systematic formulation of infinite-dimensional supergeometry was given by 



Molotkov ||5^. In his approach Banach supermanifolds are defined as functors from the 
category of finite-dimensional real Grassman superalgebras A-K" [n = 1,2,...) to the 
category of smooth Banach manifolds 

M : AiR" — ^MiME") 

For each Grassman algebra AM^, Ai{ A-K") can be identified with smooth manifold 
of morphisms Mor(P„, A^) where Vn denotes finite dimensional supermanifold with zero 
even dimension and the odd dimension n ( n-dimensional superpoint). 

The idea to regard supermanifolds as point functors was first introduced by Schwarz 
in his attempt to reconcile the standard sheaf formulation of BLK finite-dimensional ge- 
ometry with the intuitive informal language used by physicists |3^. The equivalence of 
Schwarz's approach with the BLK theory was shown by Voronov in [^. Molotkov's 
formulation can be seen as a proper generalisation of the Schwarz description to infinite- 
dimensions (i.e. the BLK category of finite-dimensional supermanifolds is a full subcate- 
gory of the category of smooth Banach supermanifolds). 

For any two supermanifolds A, B (not necessarily finite-dimensional) the supermani- 
fold of maps can be defined by the functor 

Map(^, B) : AiR" — > Mor(P„ x A, B) 

The formalism also allows for a construction of a composition with the required properties 
and applies as well to smooth supermanifolds modelled on locally convex or tame Frechet 
superspaces. In principle Molotkov's formulation satisfies all requirements a mathemati- 
cally rigorous infinite-dimensional supergeometry should satisfy. It has been in fact implic- 
itly used in several papers when a rigorous treatment of elements of infinite-dimensional 



supergeometry was unavoidable [^, ^ |29|, 0. However, technical and conceptual dif- 
ficulties of this approach make its wider application in physics highly problematic. Ac- 
cording to the basic idea of the functor ial approach an object A in the category is fully 
described by morphisms Mor(P„, A) from a sufficiently large family {Pn}„g/ of other ob- 
jects. Such description is in sharp contrast with the intuitive physical understanding of 
space or superspace. Also technicalities involved are in contrast with relatively simple 
heuristic formalism used by physicists. 

Another approach to infinite-dimensional supergeometry aimed to avoid the functo- 
rial definition of supermanifolds was developed by Schmitt [^ ^. The basic idea is 



to define an infinite-dimensional supermanifold as a ringed space. Although not func- 
torial, this approach is technically even more complicated. The main reason is that in 
the infinite-dimensional supergeometry the language and methods of algebraic geometry 
are essentially less efficient and less powerful than in the finite-dimensional case. In the 
standard BLK approach one has a very simple algebraic description of morphisms be- 
tween supermanifolds, either as morphisms of sheaves of graded algebras or as morphisms 
of graded algebras of functions. Also vector fields on a supermanifold can be described 
in a purely algebraic way as graded derivations of the graded algebra of superfunctions. 
Proceeding to infinite-dimensional geometry one can still consider sheaves of smooth func- 
tionals but the simple algebraic descriptions of morphisms and vector fields are no longer 
available. Additional conditions involving topology as well as differential calculus on the 
infinite-dimensional model spaces are required in both cases. In fact technical difficulties 
involved were overcome only in the case of real-analytic and complex-analytic superman- 



ifolds I^B], ^ which essentially restricts possible physical applications of the theory. It 
is also not clear how to construct supermanifolds of maps and composition within this 
approach. 

The formalisms of both approaches seem to be technically too difficult when com- 
pared with relatively simple heuristic rules used by physicists even in most complicated 
geometrical supersymmetric models. This suggests that there might be a simpler the- 
ory incorporating all desired features of the hitherto formulations but better suited for 
constructing and analysing examples arising in physical applications. 

The aim of the present paper is to construct an alternative coalgebraic formulation of 
infinite-dimensional supergeometry which allows to avoid at least some of the technicalities 
of the functorial and the sheaf descriptions. The idea of such approach was first proposed 
in the excellent paper by Batchelor ||38| where a candidate for the dual coalgebra of the 



supermanifold of maps between finite-dimensional supermanifolds was constructed and 
analysed. 

For any associative algebra with unit {A, m, u) let us denote by A° the largest subspace 
of the full algebraic dual A' such that m\A°) C A° ® A° , where m' : A' ^ {A® A)' is 
the map dual to the multiplication m : A ® A ^>- A. A° with comultiplication given by 
m' and counit given by u' is called the dual coalgebra of A. In the case of the algebra 
C'^{M) of smooth functions on a finite-dimensional manifold M, C'^{My is called the 
dual coalgebra of M and consists of all finite linear combinations of Dirac delta functions 
and their partial derivatives. In the context of finite-dimensional supergeometry dual 
(.^2-graded) coalgebras were first analysed and extensively used by Kostant in his theory 
of Lie supergroups 0. 

The idea of Batchelor's approach is to consider the dual algebra of a supermanifold as 



a fundamental object. The crucial notion introduced in |38| is that of mapping coalgebra 



P(A, B) defined for any two finite-dimensional supermanifolds A, B in terms of universal 
coalgebra measuring the algebra of superfuncions on B to the algebra of superfunctions 
on A. Although the full structure theorem for P{A, B) has not been proven, the mapping 
coalgebra has many expected properties of the dual coalgebra of the supermanifolds of 
maps Map(^, B). In particular the space of group-like elements of P(^, B) coincides with 
Mor(^, ;B). Moreover there exists a simple definition of composition which leads to the 
expected Hopf algebra structure in the case of superdiffeomorphisms. Batchelor's con- 
struction can be also extended to coalgebras corresponding to supermanifolds of sections. 
In the original paper [^ only the algebraic structure of mapping coalgebra has been 



analysed. This is certainly not enough to define supermanifold in terms of its dual coal- 
gebra. A pure coalgebra structure has to be supplemented by analytic data encoding a 
smooth structure on a supermanifold. This additional data is also necessary to select 
those coalgebra morphisms which correspond to smooth morphisms of supermanifolds. 
Extra conditions in the definition of morphisms may seem to be a shortcoming of the 
coalgebraic approach in comparison to the algebraic one where smooth morphisms can be 
defined in a purely algebraic way. Let us however recall that the simple algebraic defini- 
tion does not work in the case of infinite-dimensional model spaces. Moreover the detailed 
discussion of morphisms within Schmitt's sheaf formulation of infinite-dimensional super- 
geometry shows that the coalgebraic structure is essential for an appropriate definition 
of smoothness or analyticity |3^. On the other hand (as we shall see in the following) 



the extra conditions one has to impose on coalgebraic maps are essentially identical to 
the differentiability condition one imposes on maps of sets in the traditional definition of 
smooth morphisms between manifolds. 

In the present paper we propose an intrinsic way to handle the additional analytic data 
necessary to describe smooth structures. The main result is the construction of the cate- 
gory of smooth coalgebras which contains as its full subcategories both the BLK category 
of finite-dimensional supermanifolds and the category of smooth Frechet manifolds. This 
provides a complete theoretical framework of the coalgebraic formulation of supergeome- 
try. Although Batchelor's results [^ were our main motivation, we leave the construction 



of smooth structure on the mapping coalgebra P{A, B) for future publications. This in- 
volves in particular a construction of smooth atlas on the manifold Mor(^, B), which goes 
far beyond the scope of this paper. 

It should be stressed that the coalgebraic description of supermanifolds has its ad- 
vantages even in the finite dimensions. First of all the general structure of the theory is 
similar to that of the standard smooth geometry: supermanifolds are defined as sets with 
extra structure and morphisms as maps of sets (with arrows in the "right" direction) pre- 
serving these structures. Secondly the direct p roduct in the category is just the algebraic 
tensor product of coalgebras which makes many of the standard geometric constructions 
much simpler and more intuitive than in the sheaf or the functorial approaches. Finally 
the coalgebraic techniques proved to be very useful in Kostant's theory of Lie supergroups 
1^. In fact this theory gets much simpler when smooth coalgebra morphisms are defined 
in the intrinsic coalgebraic language without referring to the algebraic formulation. 

The content of the paper is as follows. Section 2 contains preliminary material nec- 
essary for further constructions. In Subsect.2.1 the basic facts about symmetric tensor 
algebra S{X) of ^2-graded vector space X = Xq © Xi are presented. In particular Hopf 
algebra structure on S'(X) is described and a less known universal property of >S'(X) with 



respect to its coalgebraic structure is proven. This property is crucial for our description 
of smooth coalgebraic maps. In Subsections 2.2 and 2.3 we recall some properties of the 
model category fm of Frechet manifolds and the model category sm of BLK supermani- 
folds, respectively. In Subsection 2.4 the category of BLK finite-dimensional supermani- 
folds is briefly presented. This well known material is included for notational purposes as 
well as for providing some motivation for further constructions. 

In Section 3 model category sc of smooth coalgebras is defined. In Subsection 3.1. we 
introduce open coalgebras as objects of the model category. In Subsection 3.2. we present 
a crucial (for all coalgebraic formulation) notion of smooth coalgebra morphism and prove 
that it satisfies all the required properties. In particular the component description of 
morphisms is introduced and the formula for the composition is derived. In Subsection 
3.3 the construction of model category sc is completed and the direct product in sc is 
analysed. Finally in Subsection 3.4 we prove that the model category fm of Frechet 
manifolds can be identified with the full subcategory scq of even open coalgebras, and the 
model category sm of BLK super manifolds can be identified with the full subcategory 
sc^ of finite-dimensional open coalgebras. This shows that sc is an appropriate extension 
of fm and sm. In Subsection 3.5. the notion of superfunction on an open coalgebra is 
introduced and analysed. 

In Section 4 we describe construction and main properties of the category SC of 
smooth coalgebras. In Subsection 4.1 the smooth coalgebra is defined as a collection 
of objects from the model category sc glued together by by a collection of compatible 
morphisms from sc. Smooth morphisms of smooth coalgebras are defined along standard 
lines by requiring that their local expressions are morphisms from sc. The notion of 
superfunction on a smooth coalgebra is defined and the functor from the category of 
smooth coalgebras SC to the category of sheaves of .^2-graded algebras is constructed. 
In Subsection 4.2. the direct product in the category SC is analysed. In Subsection 
4.3. we prove that the full subcategory SCq of even smooth coalgebras is isomorphic 
with the category of Frechet manifolds. In Subsection 4.4. the corresponding result for 
full subcategory SC^ of finite-dimensional smooth coalgebras and the category of BLK 
supermanifolds is derived. 

Appendix contains definitions and basic facts about .^2-graded spaces (A.l), algebras 
(A. 2), coalgebras (A. 3), and bialgebras (A. 4). Also some elementary material on dual 
coalgebras of finite-dimensional supermanifolds is briefiy presented (A. 5). 
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2 Preliminaries 

2.1 Symmetric algebra of graded vector space 

Definition 2.1.1 Let X = Xq © Xi be a Z:2-graded space. A symmetric algebra of X is 
a pair (S'(X),^) where S{X) is a Z:2-graded commutative algebra and 6 : X —* S{X) a 
morphism of Z: 2- graded spaces such that the following universal property is satisfied. 

For every Z:2-graded commutative algebra A and every morphism Fq : X ^ A of ^2- 
graded spaces there exists a unique Z2-graded algebra morphism F : S{X) -^ A making 
the diagram 

X ~ S{X) 




commute. 

The uniqueness of S{X) is a standard consequence of the universal property. The existence 
can be shown by exphcit construction of S{X) as the quotient algebra 

n : T(X) — > T{X)/I{X) = S{X) , 

where (T(X), 6^ '■ X ^ T{X)) is the tensor algebra of X and I{X) is the ideal generated 
by elements 

a (g) b - {-lp\% (g) a , 

where a,h E Xq U Xi, and |.| denotes the parity of an element. The ideal I{X) is 
homogeneous with respect to the canonical Zi2®^+ bigrading on T{X) and S{X) acquires 
the structure of bigraded commutative algebra 

s{x)= e 5f(x) , 

A: > 
i = 0, 1 

where S^{X) = Sq{X) © S^i^X) is the k-th symmetric tensor power of X. Since I{X) is 
generated by elements of degree 2 , one has the identifications 

S%X) = T\X) = M , 
S\X) = T\X) = X , 

and the canonical map 6 = U o Ot '■ X — > S{X) is injective. 

The algebra S{X) is generated by the set {1} U Xq U Xi i.e. every element u G 5'(X) 
can be represented as a finite sum of monomials of homogeneous elements of X and 1. 

Proposition 2.1.1 Let X, Y be ^2-graded spaces and 9x : X ^ S{X) , Oy : Y ^ S(Y) 
the canonical inclusions into the corresponding symmetric algebras. Then the universal 
extension 

K:SiX®Y)^ Six) © SiY) 

of the map 

Ko:X®Y 3{a,b) — > Oxa ® 1 + 1 ® Oyb e S{X) © S{Y) 
is an isomorphism of bigraded algebras. 



Remark 2.1.1 By Prop. 2. 1.1 for each .^2-graded space X = XqQXi there is the canonical 
isomorphism of bigraded algebras 

K:S{Xo®Xi)^S{Xo)(E)A{Xi) , 

where S{Xo) is the usual symmetric algebra with its canonical ^+-grading and the trivial 
.^2-grading ( S{Xq)i = {o}), and A (^i) is the usual exterior algebra of the vector space 
Yi with its canonical Z2 © ^+ bigrading. 

Proposition 2.1.2 Let X be a Z:2-graded space and S{X) its symmetric algebra. 
Let A : S{X) -^ S{X) ® S{X) be the universal extention of the map 

d:X3a — > a (^ 1 + 1 (^ a e S{X) (^ S{X) , 

and e : S{X) -^ M the universal extention of the map : X 3 a — > G iR. 
Then {S{X),A,e) is a commutative cocommutative Zi2-graded bialgebra. 

Remark 2.1.2 We shall introduce some notational conventions which will be used in 
various contexts in the following. 

A k-partition of the index set {1, ..., n} is defined as a sequence V = {Pi, . . . , Pk} of 
(possibly empty) disjoint subset of the index set such that {1, . . . , n} = Pi U . . . U Pk- A 
A;-partition is nonempty if Pj 7^ for alH = 1, ..., A;. Note that a nonempty n-partition of 
the index set {1, ...,n} is a permutation of {1, ...,n}. 

Let X = {oj}"^^ be a sequence of nonvanishing homogeneous elements of a graded 
space X. For every nonempty subset P of the index set {1, ...,n} we define 

dp = ttpi • . . . • (3pj G lb \^J\ ) 

where {pi, . . . ,p;} = P and pi < ... < pi- We denote the number of elements of P by 
|P|. If P is empty we set ap = 1 and \P\ = 0. 

For every /c-partition V = {Pi,...,Pk} of the index set {l,...,n} we define the 
number (t{X,V) = ±1 uniquely determined by the relation 

ai- . . . ■ ak = a{X, V)ap^ ■ . . . ■ ap^ . 



Proposition 2.1.3 Let (S{X), A,e) be the coalgebra 0/ Prop. 2. 1.2, and X = {aj}"^^ be 
a sequence of nonvanishing homogeneous elements of a graded space X. Then: 

1. A(l) = 1®1, andeil) = 1. 

2. For every k > 1 

A'=(ai-...-a„)= Y. (j{X,V)ap^®...®ap^^^ (1) 

•p={Pi,...,Pfc+i} 

where the sum runs over all {k + l)-partitions of the index set {1, . . . , n}. 

3. e{ai ■ . . . ■ an) = 0. 



Proposition 2.1.4 The symmetric algebra S{X) of a !Z2-graded space X with the coal- 
gebraic structure 0/ Prop. 2. 1.2 is a strictly higraded cocommutative coalgebra. 

Remark 2.1.3 It follows from Prop. 2. 1.4 that S{X) is a pointed irreducible coalgebra. 

00 

The relation between the .^+-grading S{X) = S\X) and the coradical filtration 
^(X)=,y^5W(X)isgivenby 



i = 



5W(X) = S'{X) . 

i = 

The coalgebraic structure of S{X) introduced in Prop. 2. 1.2 is universal in the following 
sense 

Theorem 2.1.1 Let S{X) be the symmetric algebra of a Z:2-graded vector space X. 
There exists a unique extension of the bigraded commutative algebra structure on S{X) 
to a strictly bigraded commutative cocommutative Hopf algebra structure on S{X). 

Remark 2.1.4 The antipode s : S{X) -^ S{X) is given by the universal extension of the 
map 

— : X 3 a — > —a E S{X)op , 

where S'(X)op is the bigraded space S{X) with the "opposite" algebra structure given 
by Mop(a b) = (— 1)I"II^IM(6 (S> a), u^p = u. One can easily show that for arbitrary 
homogeneous elements ai, ..., a„ G X, s{ai ■ . . . ■ an) = (— l)"a„ ■ . . . ■ Oi. 

Definition 2.1.2 Let (C, A, e) be a ^2-graded coalgebra, {A, M, u) a ^2-graded algebra, 
and Hom(C, A) the space of linear maps from C to A. For any f,gE Hom(C, A) we define 

f*g = Mo{f^g)oA . 

By definition f * g E Hom(C, A) and \f * g\ = |/| + Ifi'l (with respect to the standard Z2- 
grading in Hom(C,^)). One easily verifies that Hom(C,^) with the multiplication * and 
the identity 1* = m o e is a ^2-graded algebra. The multiplication * is called convolution. 

The next theorem describes the universal property of S{X) with respect to its coalgebra 
structure. This result is essential for our description of smooth coalgebra morphisms given 
in the subsequent section. 

Theorem 2.1.2 Let S{X) be the symmetric algebra of a Zi2-graded space X and n^ : 
S{X) -^ S^{X) = X the projection with respect to the Z^-grading in S{X). Let C be 
a pointed irreducible ^2-gfaded cocommutative coalgebra and C^ the kernel of the counit 
Sc in C. Denote by p^ : C^ ^ C the inclusion and by tt^ : C ^ C^ the projection with 
respect to the direct sum decomposition C = M{p} © C^, where p is the unique group-like 
element ofC. Then: 

1. For every morphism $+ : C^ -^ X of Z2- graded spaces there exists a unique mor- 
phism $ : C ^ S{X) of Z2- graded coalgebras such that the diagram 



X 



vr 



$+ 



c+ 



S{X) 

t 

I ^ 

I 
I 

■ c 



is commutative. 



2. The universal extension $ is given by 

$ = * exp $+ = ^ Ta^^^ ' 
fc>o ^• 

$+fc = $+ o 7r+ *...*$+ o 7r+ , k> I , 

v 

fc 
and * is the convolution in Hom(C, S{X)). 

Note that in the purely even case X = Xq® {0}, S{X) with respect to its ^+-graded 
coalgebra structure is isomorphic with the universal pointed irreducible co commutative 
coalgebra considered in |^^. Part 1) of the theorem above is a ^2-graded version of 



Th. 12.2.5 in |^. In the special case C = SiY) where F is a ^2-graded space the explicit 



formula for the universal extension has been derived in [Q. The proof given here is a 
generalization of Schmitt's method. 

Lemma 2.1.1 With the notation of Th.2.1.2, for every k >0 the following relation holds 



A o $+^ = ^ ( ^ ) ($+^ $+'^-*) o Ac 



j=0 



Proof. The case fc = is straightforward. For k = 1 one has 

Ao$+i(c) = $+^(c)® l + l®$+^(c) 

= Y. ('^^^(C(l)) ® M O £c(C(2)) +UO eciqi)) ® $+^(C(2); 



1 



$:(;)(<i.+^®<i. 



+i->Ac(c) 



i=l 



By definition of ^^'^ 



.+fc ^ rh+O 



$+'= = M o ($+'= ® $+'J) o Ac = M o ($+'J ® $+'=) o A 



+0 



c 



and 



^+fc+i ^ j\^ o ($+fc ^ $+1) o Ac = M o ($+1 ® $+'=) o Ac 



(2) 
(3) 



10 



for all fc > 1. Then by the induction hypothesis and (^ 

^o$+fe+i = A o M o ($+'= ® $+1) o Ac 

= {M (g) M) o {id ^ T (g) id) o ((A o $+'^) ® (A o $+i)) o Ac 
= (M (g) M) o (id (g) T (g) id) o 

i=0 

(Ac O Ac) o Ac 
= (M (g M) o 

A: 
j=0 

(zd (g T (g irf) o (Ac (g Ac) o Ac . 
As a consequence of the coassociativity and cocommutativity of Ac one has 

{id®T® id) o (Ac ® Ac) o Ac = (Ac ® Ac) o Ac • 
Using this relation and formulae (|2|), (^) one finally gets 

k 

A o $+*=+! = ^ ( " ) ($+'+' ® $+'="' + $+' ® $+'=+1-') o Ac 

i=0 

fc+i 



Y.C'V) i'^^' ® $+'=+1-^) o Ac . □ 



i=0 



Proof of Th.2.1.2. Existence. Let JC*^^-* [ be the coradical filtration on C. For any 

given A; > all terms tf*^^' with / > k vanish on C*^^\ By the structure theorem Th.A.3.2 
(see Appendix) for every c E C there exists k such that c G C^''^ , hence * exp $+ is well 
defined on C. By construction $ = * exp $"*" is a morphism of graded spaces such that 
TT''^ o $ o p+ = $+. Using Lemma 1.1 one has 



^ ° "^ = E r[ ( i ) i'^^' ® '^^''"') ° ^( 



fc>0 '^'^ 

= EE AA('^^"®'^^'")°Ac 

n>om>0 

= ($(g$)oAc . 
For A; > 1, $+'= C 5(X)+ = kere and 

e o^ = e ouoEc + ^ TT^ o $+'' = ec • 

A;>0 ^• 

It follows that $ is a morphism of graded algebras which completes the proof of existence. 
Uniqueness. For any other extension $' we have tt"^ o $' = vr-^ o $ and therefore 
Im($' - $) n P{S{X)) = {o}. Since S{X) is pointed irreducible, $' = $ by Proposition 
A. 3. 2 (see Appendix). □ 



11 



2.2 Model Category of Frechet manifolds 

Let U C X,V E Y he open subsets of the Frechet spaces X and Y, respectively, and 

ip '■ U -^ V a map. 

Definition 2.2.1 The derivative of ip : U -^ V at a point u E U in the direction x E X 
is defined by 

whenever the corresponding limit exists. One says that ip is continuously differentiable or 
C^ on U if the limit exists for all u eU and x E X and if the map 

DV: U ^X — >Y 

is jointly continuous (as a map on a subset of the product). 

Definition 2.2.2 The higher order derivatives (k > 2) are inductively defined by 

, D''-'^ip{u + eXk;xi,...,Xk-i) - D''-'^ip{u;xi,...,Xk-i) 
D 'ilj{u;xi,...,Xk) = hm , 

whenever the corresponding limit exists. 

One says ip is C^ if D''iIj{u;xi, ...,Xk) exists for all u E U and xi,...,Xk E X and is 
jointly continuous as a map 

D'^ib: U xX X ...xX — >Y . 
^ ^ ^ 

k 

A map ip is smooth (C°°) if it is C^ for all k > 0. 

If ip is C^ than D^%p{u\Xi, ...,Xk) is totally symmetric and linear separately in xi, ...,Xk 
[Hamilton]. It can be therefore extended in the second variable to the map 

D''ip : U X S''{X) 3 {u;xi- ...■ Xk) — > D^^{u] Xi, ..., Xk) EY , 

where S^{X) is the A;-th symmetric tensor power of X. In the following the same symbol 
D^ip will be used for the derivatives and for their extensions defined above. 



Using the chain rule and the Leibnitz rule for the first derivative P^ as well as an induction 
on k one gets 

Proposition 2.2.1 Let U,V,W be open subsets of Frechet space X,Y,Z, respectively, 

and (j) : U ^ V, tp : V —* W , C^ maps. Then the composition ip o (p is a C^ map and for 
alll <l <k, u eU , and Xi, . . . , x^ G X one has 



D\iPo(P){u;xi,...,xi)= (4) 

i=i ^•{Pi,...,pj 

\P.\ > 

where the sum runs over all ordered nonempty i-partitions of the index set {1, ..., /}. 
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Proposition 2.2.2 For all C^ functions f,g:U-^IR,l<l<k and xi, . . . ,xi E X 

one has 

D\f-g){u-x^,...,Xk)= E D\''^\f{u-xp,)-D\P^\g{u-xp,) , (5) 

{Pl,P2} 

where the sum runs over all ordered 2-partitions of the index set {1, . . . , /} and the con- 
vention D^ f{u; xe) = f{u) is used. 

Definition 2.2.3 The objects of the model category fm of smooth Frechet manifolds are 
open subsets U G X where X runs over the category of Frechet spaces. 

For any two objects U,V E Ofm the space of morphisms Mfni(t/, V) consists of all 
smooth maps ip : U —* V . The composition of morphisms is defined as the composition of 
maps. An isomorphism in the category fm is called a diffeomorphism. 

We denote by fm^ the subcategory of fm consisting of all open subsets of finite-dimensional 
Frechet spaces and all fm-morphism between them. 

Let C^ = (f/, C°°(.)) be the sheaf of smooth functions on U. A smooth map ip : U ^ V 
induces a morphism of sheaves of commutative algebras 

where for each open V G V the algebra map ipy, is given by 

rv'--c^iv')3f^fo^ec^i^-\r)) . 

A morphism F = (F°, F) : C^ -^ Cy of sheaves of commutative algebras is not in general 
of this form. However for the finite-dimensional Frechet spaces one has 

Proposition 2.2.3 Let U E iR"", V E iR™' be open subsets. 

1. For any morphism of sheaves of algebras 

F= (F°,F) :C^ — ^C~ 



V 



F^ -.U ->V is smooth and F = F^. 



2. For any algebra morphism A : C°°{V) — > C°°{U) there exists a unique smooth map 
ip -.U ^^V such that ip^j = A. 

It follows that for U,V E Ofm^ one has the 1-1 correspondence 

Mfm([/, V) = Mfm<([/, V) 3 ip — > ip^ E Alg(C°°(V),C°°(f/)) . 

This simple algebraic description of morphisms either as morphisms of sheaves of alge- 
bras or as morphisms of algebras of function is not longer valid for infinite dimensional 
Frechet spaces. In this case the space of morphisms of sheaves of algebras is essentially 
bigger than the space of smooth maps of open sets. In order to characterize the sheaf 
morphisms corresponding to smooth maps one needs some additional not algebraical con- 
ditions. This makes the idea of ringed spaces in infinite-dimensional geometry rather 



awkward and difficult to deal with |36, 37]. This is also the main difficulty in devel 



oping a working infinite-dimensional extension of the Berezin-Leites-Kostant theory of 
sup ermanif olds which was originally developed as a theory of ringed spaces JI], |[ . 
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2.3 Model category of BLK supermanifolds 

Definition 2.3.1 The objects of the model category sm of supermanifolds are sheaves of 
Z:2-graded algebras 

s'^^'' = {u,c^{u)®N{M'y) , 

where m,n are arbitrary nonnegative integers and U runs over all open sets of M"^. 

For any two objects S^'^'^Sy'^ G Osm the space of morphisms Msni(iS™'",iSy '" ) 
consists of all morphisms of sheaves of Z: 2- graded algebras. The composition of morphisms 
is defined as the composition of morphisms of sheaves. An isomorphism in sm is called a 
superdiffeomorphism. 

{M^)' in the definition above denotes the space dual to iR". An object S^'"" G Osm 
is called a superdomain of the superspace 1R'^Q)M"'. For each open subset U' of the 
underlying set U the elements of the ^2-graded algebra 5™''"(f/') = C°°(f/') (X> A(-K")' are 
superfunctions on U'. According to the ^2-grading 

5'"'"(f/) = 5'"'"(f/)o © >S™'"(f/)i , 

each superfunctions can be uniquely represented as the sum / = /o + /i of the even /q 
and the odd /i parts. A superfunction / is called even (odd) if /i = (/o = 0). 

For each sm-morphism F = {F^,F) : S^'^ — ^ Sy '" the map F^ : U ^ V is called 
the underlying part of F. In our notation F denotes the family of ^2-graded algebra 
morphisms Fyi : S"^ '" (V) -^ Sy'^{F^ (^')) where V runs over all open subsets of V. 
As a "super" counterpart of Prop. 2. 2. 3 one has [Berezin, Leites, Schmitt] 

Proposition 2.3.1 Let S^'"' , Sy '"' be superdomains. 

1. For any sm-morphism F = (F°, F) : iS™'" — > Sy '" the underlying map F^ : U ^ V 
is smooth. 

2. For any morphism A : jS™ '" (V) — * iS™''"(f/) of Z, 2- graded algebras there exists a 
unique sm-morphism F = {F^, F) : 5™'" -^ Sy '" such that A = Fy. 

Remark 2.3.1 It follows from Prop. 2. 2. 3 and Prop. 2. 3.1 that the covariant functor 

Osm 3 5™'" — > U e Ofm< 
Msm 3 F= (F°, F) — > F^ e Mfm< 

has the right inverse 

Ofm< 3U — > C^ = Su'^ G Osm (6) 

Mfm< 3iJ — > ii= {ip,iJ*) G Msm . 

The image of the functor above coincides with the subcategory smo of sm consisting of all 
objects of the form S^' and all sm-morphisms between them. It follows that the model 
category of finite dimensional manifolds fm^ can be regarded as the full subcategory smo 
of the model category of BLK supermanifolds. 

Let {m^}™^]^ be a standard basis in M™'. The functions u'^ : M™' dU3u-^u^&1R 
uniquely defined by -u = I]™=i u^u^ are called the standard coordinates on U C iR™. Let 
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{9"'}2=i be the standard basis in (M"')'. The collection {u^, ...,u"^,9^, ...,0"'} regarded as 
a subset of iS™''"([/) = C°°(f/) ® A(iR")' is called the standard coordinate system on S^""^ . 
In the standard coordinates every superfunction / G S"^'"{U) has a unique representation 



f = f{u,9) = f{u) + f,\u,9) + f,\u,9) , (7) 



where 



n -\ n 

/o"K^) = E rr E /A.....(«r^A...Ar'= , 

fc = 2 '^- ai,...,afc=l 
even 

/r^^) = E ^ E /a,...«,(«r^A...A0°'= , 

A; = 1 ■ Q:i,...,Ofc = l 

odd 

and /°(w),/^j ^^(m) G C°°(?7). The coefficient functions /^^...^^(m) are assumed to be 
totally antisymmetric in their indices. In the decomposition (|^) f^{u) is called the un- 
derlying and f^{u, 9) = f^iu, 9) + /f (m, 6*) the exterior part of the superfunction /. 

Note that for an arbitrary sm-morphism F = (F°,F) : iS^'" — *> iS™ '"" and any 
superfunction g G iS*" '" {V) one has 

(F,.5)° = Fv{g') = g'oF' , 
{Fygt = Fy{g^) , 

but in general {Fvg)i 7^ Fy{g'^). 

Definition 2.3.2 Let {u^^ ...^u™',9^^ ...,9^} he the standard coordinate system on iS™'". 
For each open subset U' G U the partial derivatives of a superfunction f G S^'^{U') are 
defined by 

/K^) = T^rw + EzT E 7^/A...«.M^"^A...Ar^ , 



fe=l ai,.--,afc=i 



Q n -| n fc 

/K^) = Ett E E(-ir^'^-./"i"2...a.M^"^A...A^A...Ar'^ 



^■^ fe=l '^- ai,...,Ofc=l j=l 

where 9"^ means that 9°"^ is omitted. 

In the following we shall also use the compact notation {x^}^" for the standard coordi- 
nate system {u^}'^^^ U {6*"}^^^ on S^'^ , where 

^i ^ {u^ for / = l,...,m 

|^/-m £qj, / = r?7, + l,...,r?2 + n 

Accordingly, for the partial derivatives one has 

,^ [|t for/^1,...,^ 

i^^T^ f°^ / = m+l,...,m + n 

Let {^a}:i=i be the basis in iR" dual to the basis {^°}Li- Then {x/}7J"i" = {m;.};;Li U 
{9a}^=i is the standard basis in the .^2-graded space M^^M"". 
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Definition 2.3.3 Let f e 5™'''(f/) and a = Y.a^xi E R"'®R''. The first derivative of 
the superfunction f in the direction a is defined by 

m+n 

D'fiu,e;a)= Y.a'difiu,9) . 
1=1 

For ai,...,ak G 1R'^Q)M^ the higher order directional derivatives are given by 

m+n 

h,...,h=i 

The k-th order differentiations (k > 1) are defined as the underlying parts of the k-th 
order directional derivatives: 

m+n 

D'f{u;a,,...,ak)= E (^i-4'idi,...dijf{u) . 

The higher directional derivatives and differentiations are totally antisymmetric in the 
variables ai,...,ak and therefore can be uniquely extended (in the second variable) to 
linear functions on the k-th graded symmetric tensor power S'' {M^ (B M^) of the X2- 
graded space M^QM"". With this interpretation one can use the notation of Rem. 2. 1.2 
for arguments of multilinear functions. 

Using the graded Leibnitz rule for first derivatives and induction on k one gets the fol- 
lowing multiple Leibnitz rule for superfunctions. 

Proposition 2.3.2 Let f,gE S"^'^{U) be superfunctions and X = {ai}^^^ a sequence of 
homogeneous elements of the graded space iR™ © iR". Then 

D\f-g){uAai,...,ak)= (8) 

P={Pl,P2} 

where the sum runs over all 2-partitions of the index set {1, . . . , k}, and the notation of 
Rem. 2. 1.2 as well as the convention D^f{u,9;X(D) = f{u,9) are used. 

The standard coordinate system on S^'"' generates the subalgebra of superfunctions with 
polynomial coefficients. With the topology of uniform convergence on compact subsets 
this is a dense subalgebra of 5™'"(f/). The following proposition [0, |], ||, 0] says that the 
standard coordinates behave as algebraic generators with respect to ^2-graded algebra 
morphisms. This property is essential for the coordinate description of morphisms in sm. 

Proposition 2.3.3 Let {x^yp^^ and {y"'}™^^" be the standard coordinate systems on 
S^'^ and Sy '" , respectively. Let {F'^}''yJ^^ be a collection of superfunctions on S^'"' 
such that F^ is even for J = 1, ..., m' , F^ is odd for J = m' + 1, ..., m' + n' , and the map 

F"^ -.UBu^ {F'\u), ..., F'"'°(m)) e R""' 

has its image in V G M^ . 

Then there exists a unique sm-morphism F = (F°, F) : S^'^ -^ Sy '" such that 

Fy{y') = F\u,e) , J=l,...,m' + n' . (9) 
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The superfunctions F'^{u,9) = Fviy'^) are called the coordinate representation of the 
sm-morphism F = (F°, F). Formula (^ is frequently written in the following somewhat 
incorrect but more intuitive form 

n -| n 

v" = F'^»+ E ^ E C'....(«)^"^A...Ar'^ , ^=l,...,m' , 

fc = 2 ■ oi,...,Ofe=l 

even 
n -| n 

V^ = E y E <^..„^(n)r^A...Ar'= , /3 = l,...,n' . 

A: = 1 • ai,...,ak=l 

odd 

Proposition 2.3.4 Lei {x^}^", and {y^}yj^^ be standard coordinate systems on iS™'", 
and Sy '" , respectively. Let F = (F°, F) : iS™'" -^ Sy '" 5e a sm-morphism with the 
coordinate representation {F'^(m, ^)}^^"|" . 

Then for any superfunction g G iS™'"(V^), and any sequence X = {«!,.. .,0^} of 
homogeneous elements of IR^QlR^ one has {Fyg)^{u) = g^ o F^{u) , and 

D''{Fyg){u;ai,...,ak) = (10) 

k -| 

= En E ^(^,^)^'^(i^°(w),^l''^li^KapJ,...,:Dl^'lF(w,apJ) , 
1=1 '• {Pi,...,p,} 

where the sum runs over all nonempty partitions of the index set {1, ..., k}, and for each 
ueU, 

m' +n' 

j=i 

Proof. For all even ai,...,ak G iR" © {a} formula (p!0|) is the multiple chain rule for 
Frechet manifolds (Prop. 2. 2.1) applied to the function g'^ o F^{u). 

For all odd ai,...,ak G {a} © M"^ formula ([lOD is equivalent to the standard Taylor 
expansion for the pull-back of a superfunction |^, ^, §|, • Indeed, let 

Fyg{u,e) = Fyg%u) + Y.- Y. i^y<....,(n) ^"^ A ... A r'^' . 

fc=l ■ ai,...,«fe=l 

be the coordinate expression for the superfunction Fyg, and {6a}'l=i the standard basis 
in iR". Then the coefficients of the representation above are given by 



Fv9l,...aM) = D''Fyg{u;9^,,...,9^^) (11) 



k 



= T.I i: o{X,V)D^g{F\u),F^^{ul...,F^^{u)) , 
1=1 *• {Pi,...,Pi} 

where X = {6'a^, ..., 9a^} and for each subset P = {ai, ..., a,} (ai < ... < a^) of the index 
set {1, ..., k} 

m'+n' m'+n' 

j=i j=i 
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$C : f/ X K^ST — > IR!^'®IR!'' 



The general case can be derived from formula ( ]Tl| ) by differentiating in even directions. 
D 

Formulae (0) and (|TT|) suggest the following slightly modified description of an sm- 
morphism. 

Definition 2.3.4 Let {F'^{u, 6)}'J'J^'^ be the coordinate representation of a sm-morphism 
F = {F^,F) : 5™'" — i> 5y '" . For every k > 1 the k-th infinitesimal component of 
F= (F°,F) zs defined by 

m'+n' 

F+ -.U yiS\]H!^®M')3{u,ai-...-ak)^ Y,D^F\u-ai,...,ak)yjeIR:^'®IR''' . 

j=i 

The restriction of the map F+ to U x K^W CU x S''{1R"'®BJ'): 

m'+n' 

F^:Ux N']R^3{u,i,-...-i,)^ Y^ D''F\u-i,,...,i,)yjeIR'-'®M'' , 

j=i 

is called the k-th exterior component of the sm-morphism F = {F^, F). 

As a simple consequence of the definition and Prop. 2. 3. 3 one has 

Proposition 2.3.5 Let {x^}^", and {y^j^jj^" be standard coordinate systems on S^"'^ , 
and Sy '" , respectively. Let $" : IB™- 'D U —^ V C. BR™' be a smooth map and {^k}k=i ^ 
family of smooth maps 

linear and even in the second variable. 

Then there exists a unique sm-morphism F = (F°, F) : S^'^ —>■ Sy '" with underlying 
part F° = $° and exterior components F^ = $^; k = 1, ...,n. 

Remark 2.3.2 The underlying part and the exterior components of a sm-morphism F 
contain essentially the same data as the coordinate representation of F. The virtue of 
the description in terms of exterior components is that it is independent of the choice 
of basis in the model superspace and as we shall see in the next section that it can be 
easily generalized to the infinite-dimensional case. Here we shall consider composition of 
sm-morphisms is this language. 

Let G = (G^jG.) : Sy '"" -^ S^ '"" be another sm-morphism, and {z^}]^J^^ the 
standard coordinate system on 5^ '"■ . For the underlying parts one has 

(GoF)° = G°oF° . 

The coordinate representation of the composition G o F : S'^'^ -^ S^ '" is given by 

(GoF)^ = (GoFMz^) = Fy{Gw{z^)) = Gy{F^) . 

Calculating the r.h.s. by the formula (pUD and using Def.2.3.4 one gets the following 
expression for the exterior components of the composition 

(GoFr(«,ei,...,a) = (12) 

k 1 

= En E a(^,P)G+(F°(n),F^KepJ,...,F^KepJ) . 
1=1 '■■ {Pi,...,Pi} 



Let us note that the exterior components of the composition depend on the infinitesimal 
components G^ of G and therefore involve partial derivatives in even directions of the 
exterior components G^. This property of composition of sm-morphisms is responsible 
for most of the peculiar features of supergeometry. In particular this is the reason for 
which smooth structures and Frechet spaces are indispensable. 

2.4 BLK sup ermanif olds 

Definition 2.4.1 A supermanifold modelled on the superspace ]R!^®IR^ is a sheaf Am = 
{M,A{ . )) of ^2-graded algebras on a Hausdorff topological space M such that for each 
p E M there exist an open neighbourhood U of p, and an isomorphism of sheaves of 
^2- graded algebras 

where Au = {U,A{ . )) is the restriction of Am to U, and 5^om) is a superdomain i.e. 
$°([/) IS an open subset of IR^ and 5™o'"t/) = ($°(f/),C°°( . ) ® A(iR")'). 



Definition 2.4.2 The objects of the category SM are supermanifolds modelled on super- 
spaces IR!^®IRP where m,n>0. 

For any two objects Am, Bn ^ OSM the space of morphisms MSM consists of all mor- 
phisms of sheaves of Z2-graded algebras. The composition of SNl-morphisms is defined 
as the composition of morphisms of sheaves. 

Let Am be a supermanifold. The collection {{Ua,Fa)}a&i of isomorphisms of sheaves of 
.^2-graded algebras 

Fa = {Fa, Fa.) : Au^ > '^F0{(7„) ' 

such that {Ua}a&i is an open cover of M is called an (m, n)-atlas on Am- 

Let {{Ua, Fa)}a£i be an atlas on a supermanifold Am- Then by Rem. 2. 3.1 the collec- 
tion {Fa}a&i is a smooth atlas on M . By the same token different atlases on Am lead to 
compatible atlases and M acquires a unique smooth structure. M with this structure is 
called the underlying manifold of Am- 

One has the following global version of Prop. 2. 3.1 0, ||, ||, 0- 
Proposition 2.4.1 Let Am, ^n be supermanifolds. 

1. For any SM.-morphism F = (F", F) : Am -^ ^n the underlying map F'^ : M ^ N 
is smooth. 

2. For any morphism A : B{N) -^ A{M) of Z2-g'<^0'ded algebras there exists a unique 
SM-morphism F = (F°, F) : A^.i -^ Bn such that A = F^y. 

Let F = {F^,F,) : Am — ^ Bn be a morphism of supermanifolds and {(y^,G^)} j an 
atlas on Bjy. Then there exsists an atlas {{Ua,Fa)}a^j on Am, such that for all a G / 
there exists (a non necessarily unique) a' E J for which F^{Ua) C V^'- The family of 
sm-morphisms {Faa'}a£i defined for each a G / by 

Faa' =Ga'OFo F'^ 

is called a representation of the morphism F = {F^,F.) : Am -^ Bn in the atlas 
{{V^,-^^)}^^jOnBN- 
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Proposition 2.4.2 Let {(Ua,Fa)}^^j be an ('m,n)-atlas on a supermanifold Am, and 
{{y^,G^)} gj an (m' , n') - atlas on a supermanifold B^ . Let {Faa'}oiei ^^ a family of maps 
such that: 

1. for all a E I , F^a' '■ '5™om ) — ^ 5^ '. ^ x is a sm-morphism; 

2. for all a, P E I such that Ua^Up ^^ one has 

Fap> = Gp> o G'J o F,„, o F, o F^-i . 

Then there exists a unique smooth morphism F = (F°, F) : Am -^ Bn of supermanifolds 
such that {Faa'}a&i ^-^ ^ representation of F in the atlas {{V-yiG^)} ^j. 

Definition 2.4.3 Let {Ua^^a}aei be an admissible atlas on a smooth manifold M of 
dimension m. Let {-Fa/jjag/ be a collection of maps such that, 

1. for all a el, 13 e I{a) = {(3 e I : U^, n U^ ^ ds} 

is an isomorphism of superdomains such that F^g = ^p ° Va^i 

2. for all a E I , F^a = id^"*." ; 



m,n 



3. for all a, /9, 7 G / such that Ua^Upr\U-y ^ 0, Fp^ o Fq,/3 = Fq,^ on S m^^jj ^jj -, . 

A collection {Fai3}aei with the properties stated above is called an {m,n)-cocycle of tran- 
sition sm-morphisms over the atlas {Ua, ^Pa}aei on M . 

Two cocycles {F'^, p,} a' t^i , {F"a"/3"}a"ei" of transition sm-morphisms on M are said to be 
compatible if tliere exists a tliird one {Fai3}aei sucli tliat 

{Va'}oi'er U {'^a"}a"ei" C {'^a}ael , 

{Fa'p'}a'er U {Fj^„p„}a"el" C {Faf3}a£l , 

as sets of maps. 

Proposition 2.4.3 Let {Fc^jcg/ be an {m,n)-cocycle of transition sm-morphisms on 
M. Then there exists a unique supermanifold Am with the underlying manifold M and 
with the {m,n)-atlas {{Ua,Fa)}aGi such that 

FaP = FpO F~ i^n m , 

pO^UanUfj) 

for all a E I , P E I (a). 

Compatible {m,n)- cocycles of transition sm-morphisms on M lead by the construction 
above to the same supermanifold Am- 

Tlie supermanifold Am and tlie (m, n)-atlas {{Ua,Fa)}a£i of tlie proposition above are 
said to be generated by tlie (m, n)-cocycle {-Fa^gjag/. 
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3 Model Category 

3.1 Objects 

Let X be a vector space. The group-like Hopf algebra G{X) of X is the free vector space 
MX of X (i.e. the vector space over M containing X as a basis) endowed with the trivial 
^2 © ^+ grading 

MX = ® MXf , MXt = I ff forA; = ^ = 
fc > I i^i otherwise 

« = o, 1 



and with the Hopf algebra structure given by 

Mcix^y) = X + y 
ug{1) = o 



Ag{x) = x®x 
£g{x) = 1 
sg{x) = -X 



for all x, y G X ( +, o, — stand for the addition, the zero vector, and the inverse in the 
vector space X). One can easily verify that GiX) is a pointed bigraded commutative 
cocommutative Hopf algebra. The direct sum decomposition into irreducible components 
takes the form 

G{X)=®^Mx , 

where Mx is a 1-dimensional subcoalgebra generated by the group-like element x G X C 
G{X). For every subset U G X the free vector space MU is a bigraded subcoalgebra of 
MX, 

MU = ®,MxC MX . 

MU with the induced bigraded coalgebra structure is called the group-like coalgebra ofU. 

Definition 3.1.1 Let X = Xq © Xi be a graded space. The tensor product 

Vx = G{Xo) © Six) 

of the group-like Hopf algebra G{Xq) of Xq and the symmetric algebra S{X) of X is called 
the Hopf algebra of the graded space X . 

The Hopf algebra structure on Vx is given by 

MH((M©a) © (w©/9)) = (M + w)©a-/9 , 
uh{1) = o©1 , 
Aniu^a) = ^(^©^(i)) © (■u©q;(2)) , 

(a) 

eniu^a) = e^ © ^(^ © a) = e{a) , 

sh{u © a) = sg © s(m © a) = (—■ u) s{a) , 

for all u,w E Xo;q;,/3 G 5'(X), where e is given by Prop. 2. 1.2, and s by Rem.2.1.4. By 
definition of G{Xq) and Th.2.1.1, Vx is a pointed bigraded commutative cocommutative 
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Hopf algebra. Since G(Xo) is generated by group-like elements and S(X) is pointed 
irreducible one has the following decomposition into irreducible components 

Vy = ® Vy 

where Vxu = IRu® S{X) ^ S{X) for all u G Xq. 

The subcoalgebra Vxo is a strictly bigraded Hopf subalgebra of Vx- It acts on Vx by 
the left and right multiplication. In particular using the identification Dxa — S{X) one 
gets the right action of S{X) on Vx, 

R:Vx® S{X) 3 {u®a)® P — > {u ® a) ■ 13 = u ® a ■ [3 e Vx ■ 

By construction each irreducible component is stable with respect to R and for every 
■u G Xo the map 

Ru : S{X) 3 a — > (m (g) 1) ■ a G Vxu 

is an isomorphism of bigraded coalgebras. For the sake of simplicity we will write u for 
the group like element m ® 1 G Vx- With this convention Xq C Vx and u^ a = u- a ioi 
all M ® a G Vx- 

Definition 3.1.2 Let Vx be the Hopf algebra of a graded space X = Xq © Xi, and U a 
subset of Xq. The subcoalgebra Vx{U) C Vx 



'^x{U)=®^ Vxu , 

is called the subcoalgebra over U . 

In the case of a graded Frechet space i.e. a topological direct sum X = Xq © Xi of 
Frechet spaces, the subcoalgebra VxiU) over an open subset U C Xq will be called an open 
subcoalgebra ofVx- 

By definition, for any U C Xq the subcoalgebra Vx{U) over U is the tensor product of 
bigraded coalgebras VxiU) = G{U) ©S'(X). As the direct sum of irreducible components 
of Vx it is stable uder the S{X) right action. 

3.2 Morphisms 

Let X, F be graded spaces and Vx{U),Vy{V) subcoalgebras over U C Xq and V C Yq, 
respectively. Let $ : Vx{U) -^ Vy{V) be a morphism of graded coalgebras. $ sends 
group-like elements into group-like elements and irreducible components into irreducible 
ones. It follows that $ is uniquely determined by the map 

U xS{X)3u®a — ><^{u®a)eV X S{Y) , (13) 

where the cartesian products U x S{X),V x S{Y) are identified with the subsets of 
Vx{U),VY(y) by the inclusions 

U X S{X) 3 {u,a) — > uiS)a = u- a eVx{U) , 
Ux S{Y)3{v,(3) — > v®f3 = v(3eVY{V) . 
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Note that the map ( jTSD can be regarded as the family {^u}ueu ^^ -^2-graded coalgebra 
morphisms 

^u ■ 'Dxu ^u■a — > $(m • a) e Vx^u) ■ 

Since each irreducible component of T'y(V^) is isomorphic to the bigraded coalgebra S{Y) 
the universal property of the symmetric Hopf algebra can be used for a more detailed 
description of $. In order to study various properties of graded coalgebra morphisms it 
is covenient to introduce the following definition. 

Definition 3.2.1 Let X,Y be Zi2-graded spaces and T>x{U),Vy{V) subcoalgebras over 
U C Xq and V C Yq, respectively. Denote by n : V x S{Y) -^ SiY), resp. tcy : 
S{Y) -^ Y the canonical projections on the second factor, resp. on S^{Y) = Y . Let 
$ : Vx{U) —>■ T>y{V) be a morphism of Z 2- graded coalgheras. The maps 

$° : t/ 9 M — > $(m) G V , 

$+ : f/ X S{Xy 3 {u, (3) — ^ Try o 7r($(n ■ (3)) e Y , 

$^ : f/ X A (Xi)+ 3 (m, 7) — ^ vry o 7r($(M ■ 7)) G F , 

are called the underlying, the infinitesimal, and the exterior parts of $, respectively. 
For every k > 1, the restrictions 

$^ : f/ X X X . . . X X 3 {u, ai, . . . , au) — > vry o 7r($(M ■ ai ■ . . . ■ ak)) G Y , 

k 

<:yx XiX...xXi 9Kei,...,a) -^ 7ry0 7r($(M-ei-...-a))er 

k 

are called the k-th infinitesimal and the k-th exterior components of $, respectively. 

For all A; > 1 the infinitesimal and the exterior components of a ^2-graded coalgebra 
morphism are totally symmetric and even. By the universal property of the symmetric 
tensor product the infinitesimal <l>^ and the exterior <J>^ components uniquely extend to 
maps on U X S''{X) and U x A {X), respectively, which are linear and even in the second 
variable. For the sake of simplicity the same symbols will be used for the components and 
for their extensions above. Note that the infinitesimal $"•", and the exterior $^ parts of 
$ are uniquely determined by their components, {^k}k>i, and {$^}fc>i, respectively. 

The following proposition is a consequence of the universal property of the symmetric 
algebra with respect to the coalgebra morphisms (Th.2.1.2). It asserts that a morphism 
$ : VxiU) -^ Vyiy) of ^2-graded coalgebras is uniquely determined by its underlying 
and infinitesimal parts. 

Proposition 3.2.1 Let X,Y be Zi2-graded spaces andVx{U),VY(y) subcoalgebras over 
U C Xq and V C Yq, respectively. Let 0"*" : [/ x S{X)^ -^ Y be a morphism of ^2-gi"(^ded 
spaces in the second variable, and (p : U —>■ V an arbitrary map. 

Then there exists a unique morphism $ : T>x{U) —>■ Vy{V) of Z 2- graded coalgebras 
such that $° = (j), and $+ = 0+. 

Moreover, for every u E U,a & S{X) 

$(«,«) = 0(m)-* exp0+ (a) , (14) 
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where 



<j)-^{u,.):S{Xy^Y 



y 



fc>o '^■ 

0+°(a) = us(Y)oes{x){a) , 



\-k. 



a) = (/),t o TT^ *...*(/)+ o 71^ (a) , k > 1 



7r+ : S{X) -^ S{X)^ denotes the canonical projection, and * is the convolution in 
Rom{Vxu,SiX)). 

It follows that a ^2-graded coalgebra morphism $ : T>x{U) -^ Vy{V) is uniquely de- 
termined by the underlying map $° and the infinitesimal components {$^}fc>i. In the 
following definition we introduce the notion of smooth coalgebra morphism by imposing 
some additional requirements on the maps <I>°, {^^}k>i- 

Definition 3.2.2 Let X,Y be Z2-gi"(ided Frechet spaces and Vx{U),VY(y) open suh- 
coalgebras ofDx andVy, respectively. 

A morphism $ : VxiU) -^ Vy{V) of ^2- graded coalgebras is said to be smooth if the 
following conditions are satisfied. 

1. The underlying part $° : [/ ^ V zs a continuous map and for all x G Xq^u G U, 
the directional derivative D^^^{u\x) exists. 

2. For every k > 1, the k-th infinitesimal component 

$+:[/xXx...xX — >Y 

k 

is jointly continuous with respect to the cartesian product topology on U x X^'' and 
the directional derivatives D^^^{u,ai, . . . ,ak',x) with respect to the first variable 
exist for all x G Xq, u & U,ai & X. 

3. For every u E U,x E Xo,ai E X the following relations hold 

D^^^{u;x) = ^t{u,x) , (15) 

D^^l{u,ai,...,ak;x) = ^l{u,ai, . . . ,ak,x) . (16) 



Proposition 3.2.2 Let $ : Vx{U) -^ VyiV) be a smooth morphism of ^2- graded coal- 
gebras and {xj} -^^ an arbitrary sequence of elements of Xq. 

1. The underlying part ^^ : U ^ V of ^ is a smooth map and for every u eU the l-th 
order partial derivatives satisfy the relation 

D^^^{u]Xi,...,xi) = ^i{u,xi,...,xi) . (17) 
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2. For every k > 1 the k-th exterior component $^ o/ $ is a smooth map. For evry 
ti e t/, ^j G Xi the l-th order partial derivatives with respect to the first variable are 
given by the formula 



3. For every k > 1 the k-th infinitesimal component $^ of ^ is a smooth map. For 
evry u E U , ai & X the l-th order partial derivatives satisfy the relation 

D''^^{u,ai,...,ak;xi,...,xi) = ^t+iiu,ai,...,ak,xi,...,xi) . (19) 

Proof. 1. By condition 1) of Def.3.2.2 the directional derivative D^^^{u; x) exists for all 
u E U and x G Xq. By condition 3) one gets the relation ([T7|) for I = 1. Since by 2) the 
first component of $"•" is jointly continuous on [/ x X so is D^$° on U x Xq, hence $° is 
C^. The C' smoothness and the relation ([17|) for arbitrary / follow from induction on /. 

2. Let us fix A; > 1. Repeating the reasoning above one gets that <l>^ is C^ separately 
in the first variable and the relation ( |18|) holds for / = 1. But $^ is linear in the second 
variable and by the condition 2) of Def.3.2.2, jointly continuous. It follows |^ that $^ is 
jointly C^. The induction on / yields the C'-smoothness and the relation ([T8|) for arbitrary 
Xi G Xq and for all /. 

3. It is a straightforward consequence of 1. and 2.. □ 

Let Vx{U),VYiV) be open subcoalgebras. For A; > 1 and Xi 7^ {0} we introduce the 
space Cj}(Vx{U),Vy{V)) of all smooth maps 

0fc : f/ X Xi X . . . X Xi — >Y , 

^^ v ' 

k 

which are fc-linear, totally symmetric, and even in the second variable. Note that in the 
definition above Xi is regarded as a purely odd graded Frechet space {0} © Xi. Thus 
the maps (pk are totally antisymmetric in the usual sense. Let Cq{Vx{U),Vy{V)) = 
C^{U, V) be the space of all smooth maps from the open subset f/ C Xq to V" C Fq and 

00 

C\Vx{U),Vy{V))^ X C^{Vx{U),Vy{V)) . 

A; = 

For Xi = {0} we put C^(I?x(f/),^y(^)) = C^{U,V). 

As a consequence of Propositions 3.2.1 and 3.2.2 one gets the following characterization 

of the space Mor(X'x(t^), I'y (V^)) of all smooth morphisms $ : T>x{U) -^ VyiV) of open 

subcoalgebras 

Theorem 3.2.1 The map 

Moi{Vx{U),Vy{V)) 9 $ ^ ($0,$^,$^,...) G C\Vx{U),Vy{V)) 
is bijective. 

In order to complete the construction of the model category we shall show that the 
composition of smooth coalgebra morphisms is smooth. For this purpose we start with the 
description of the compositon of .^2-graded coalgebra morphisms in terms of components. 
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Proposition 3.2.3 Let $ : Vx{U) -^ Vy{V), ^ : Vy{V) -^ Vz{W) he morphisms of 
^2-9i"(ided coalgebras. The underlying part (^ o ^)^ and the k-th infintesimal components 
(\& o $)^ of the ^2-9^0'ded coalgebra morphism \1/ o $ : T>x{U) -^ VziW) are given by 



^ /IsO 



(\Iro$)" = ^%$ 



and 



k ^ 



(vl/o $) + («, ai,..., a,) = ^- ^ a{X,V) (20) 

i=i ^- {Pi,...,PO 

\P^\ >0 

where the sum is over all nonempty partitions V = {Pi, . . . , Pi} of the index set {1, . . . ,k} 
and the notation o/ Rem. 2. 1.2. is used. 

Proof. According to Def.3.2.1 the k-th infinitesimal compnent of \& o $ is given by 

(^ O $)^(-U, ai, . . . , Ofc) = TTy O TT O ^P O $(« ■ fli ■ . . . ■ Ofc) . 

Representing $ in the formula above in terms of its infinitesimal components (Prop. 3. 2.1) 
and using explicit form of comultiplication in S{X) given in Prop. 2. 1.3 one gets the result 
required. □ 

Theorem 3.2.2 Let X,Y,Z be Z2-graded Frechet spaces and Vx{U),Vy{V),Vz{W) 
open subcoalgebras ofVx,T>Y andVz, respectively. 

If ^ : Vx(U) -^ VYiy), \l/ : Vy^V) -^ VziW) are smooth morphisms of Z2- graded 
coalgebras so is their composition \E' o $ : VxiU) -^ VziW). 

The underlying part 0/^0$ is the composition of underlying parts (\l'o$)° = ^I/°o$°. 

The k-th exterior component 0/^0$ is given by 

k 1 

(^°<^)C(«,6,...,a) = E::t E <^^^) (21) 

\,.-.,Pi 

\P^\ > 

where the sum is over all nonempty partitions {Pi, . . . , Pi} of the index set {1, . . . ,k}. 



i=i ^- {Pi,...,p,} 



X vl/H-($0(^),$A,^|(«,epJ,...,$fp^|(«,epJ) , 



Proof. By Prop. 3. 2. 2 ^°, $° are smooth maps so is their composition (^0$)" = ^P^o^^. 
By Prop. 3. 2. 3 the A;-th infinitesimal component (\E' o <|))^ can be expressed as a finite sum 
of compositions '^f o ($/p 1 x . . . x ^tp-\) o V, where 

i 

V -.U yi X^^ 3 {u,ai,...,ak) — > (m, a|p^|) x . . . x (m, a|p^l) G x (f/ x X""!-^^') . 

i = i 

Since V is smooth with respect to the cartesian product topology the smoothness of 
(\[/ o $)^ follows from the smoothness of ^^ and $^. 
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It remains to check the condition 3) of Def.3.2.2. Using relation (^) for \l/° and $° 
and (|20|) for k = 1 one gets 

D1(^o$)0(m;x) = D1^°(<I>°(m);D1$°(m;x)) 

= ^+(<I>°(m),$+(m,x)) = (^o $) + («, x) , 



for all u G f/, x G Xq. Hence the relation (^51) of Def.3.2.2 is satisfied. 

Differentiating expression (pO]) for the fc-th infinitesimal component (\I^o<|))^ and using 



relations ([T5| , p!6D for components of \1/ and $ one has 



D^(^o $)+(«, ai,...,afc;a;) 



fc 1 



Ett E ^i^^-P) 



|Pd > 

j 

+ E *«^(*°H' *tii(«' «Pi)' • • • ' ^'*it,|K «p.; 3;), . . . , $+^|(u, apj) 

fc+i 1 

i=2 I* -L^ {Pi,...,P._i} 

\P^\ >0 

^+($°H, $+^|(m, apJ, . . . , $+^|(m, apJ, $+(«, x)) 
fc 1 



X 



+ Ett E ^('^>^) 
\,..-,Pi 
iPd > 



=1^- {Pi,...,p,} 



fc+i 1 
= EtT E or(A",Q)vl/+($0(t,),$+^|KaQj,...,$+^|KaQj) 

IQ.I >0 

where V = {Pi, . . . , Pj} and Q = {Qi, . . . , Qi} are partitions of the index sets {1, . . . ,k} 
and {1, . . . , fc + 1} respectively, and X' = {ai, . . . , ak+i}, ak+i = x. 

Formula (^Tj) is a special case of (^). □ 



3.3 Direct product 

The considerations of last two subsections leads to the following definition of the model 
category. 

Definition 3.3.1 The objects of the model category sc of smooth graded coalgebras are 
open subcoalgebras T>x{U) where X runs over the category of graded Frechet spaces and 
U over all open subsets of the even part Xq of a graded Frechet space X . 
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For any two objectsVx{U),VYiV) G Osc the space ofmorphismsMsc(Vx{U),VY(y)) 
consists of all smooth coalgebra morphisms $ : Vx{U) -^ Vy{V). 

The composition of morphisms in sc is defined as a composition of coalgebra maps. 
An isomorphism in the category sc is called a difjeomorphism of open subcoalgebras. 

We shall show that in the model category defined above the direct product exists. We start 
with the corresponding result for the category of ^2-graded cocommutative coalgebras 



H 



Theorem 3.3.1 Let {C,Ac,£c)j{1^j^d,^d) be Zi2-graded cocommutative coalgebras. 
Define the maps 



■Kc -0(8)1) 3 c(g)d 
txd:C®V 3 c®d 



Eoid) ■ ceC 
ec{c) -deV 



Then ttct^d (^i"^ ^2-gfo,ded coalgebra morphisms and for every Z2-graded cocommutative 
coalgebra (£^, Ae,£d) and morphisms of 'Zi 2- graded coalgebras $(7 '■ £ ^^ C, and $/) : £ — >• 
V, there exists a unique morphism of Z2-gi"o,ded coalgebras ^ : S ^ C ® V making the 
diagram 

C®V 
\ 




(22) 



commute. The Z2-g^o,ded coalgebra morphism $ is given by ^ = {(^q ® ^d) ° ^e- 



Definition 3.3.2 LetVx{U),VY{y) G Osc. The tensor product Vx{U) ®Vy{V) G Osc 
is defined as follows: 

1) With respect to the coalgebra structure T>x{U) ®Py(V) is the tensor product of graded 
cocommutative coalgebras. 

2) With respect to the topological structure VxiJJ) ® Vy{V) is identified with an open 
subcoalgebra ofT>x®Y by the canonical isomorphism 

Vx{U) ® Vy{V) -^ Vx^y{U X V) 

where the direct sum topology on X ®Y = (Xq © Yq) © (Xi © Fi) is assumed. 

Calculating infinitesimal components and checking the conditions of Def.3.2.2 by explicit 
calculation of directional derivatives one gets 

Proposition 3.3.1 

1. Let ^ : Vx{U) -^ Vy{V), $' : Vx'{U') -^ Vy'{V') be smooth morphisms of open 
subcoalgebras. Then the tensor product of Z 2- graded coalgebra morphisms 

$©$' : Vx{U) ®Vx'{U') 3m®m' ^ $(m) © <l>'(m') G Vy{V) ®Vy'{V') 

is smooth. 
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2. LeteuiSv be counits of open subcoalgebras Vx{U), andVyiV), respectively. Then 
the maps 

Pjj = I®ey:Vx{U)®VY{y)^Vx{U) , 
Py = eu®I:Vx{U)®VY{y)-^VY{y) 

are smooth morphisms of Z: 2- graded coalgebras. 

3. The comultiplication A : Vx{U) -^ T>x{U)®T>x{U) of an open subcoalgebraVx{U) 
is a smooth morphism of Z2-graded coalgebras. 

Remark 3.3.1 The underlying parts and the exterior components of smooth ^2-graded 
coalgebra morphisms of the proposition above are given by 



:$® $')"(«,«' 



($"H, $'"(«')) , 



{Pu)%u,v) = u , 

{PuT,{{u,v),9®r^) = 9 , 

{Pu)'^{{u,v),9,®Vi,---,h®Vk) = , k>2 ■ 

A°H = {u,u) , 



A^,{u,9,,...,9k 







k>2 



Theorem 3.3.2 (Vx{U) ®VY(y),Pu,Pv) is the direct product in the model category of 
smooth ^2- graded coalgebras. 

Proof. By Prop. 3. 3.1 Pu,Pv are sc-morphisms. By Th.3.3.1 for any pair of smooth 
morphisms of .^2-graded coalgebras $t/ '■ T^ziW) -^ Vx{U), and $y : VziW) -^ VYiV), 
the map $ = $[/ (S> ^v ° ^w is the unique .^2-graded coalgebra morphism for which the 
diagram 

Vx{U)(E)Vy{V) 



Vx{U). 



Pn 



$f 



t 



$ 




Vy{V) 



VziW) 

commutes. By Prop. 3. 3.1 $ is a composition of smooth morphisms of .^2-graded coalge- 
bras. Hence $ is smooth by Th.3.2.2. D 

Remark 3.3.2 The underlying part and the exterior components of the smooth morphism 
$ = $(7 ® (^v ° Aw are given by 

$^(«;,^i,...,^fc) = (<l>c/)^(«;,^i,...,^fc)©($v.)^K^i,...,^fc) . 
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3.4 Subcategories scq and sc^ 

In this subsection we shall show that the model category fm of Frechet manifolds and 
the model category sm of BLK supermanifolds are both full subcategories of the model 
category sc of smooth coalgebras. This justifies introduction of sc as an extension of fm 
and sm. 

We define the category scq of even open coalgebras as the full subcategory of sc consisting 
of all objects of the form 1^Xo®{o}{U) and all sc-morphisms between them. Similarly, the 
category sc^ of finite-dimensional open coalgebras is defined as the full subcategory of 
sc consisting of all objects of the form I^jR™®jR"(t/) with arbitrary m,n > 0, and all 
sc-morphisms between them. For notational convenience we shall introduce simplified 
symbols V^U) = Vxtt(B{o}{U) and T>m,n{U) = VjRm^jfi-niU) for objects of scq and sc<, 
respectively. Note that by definition, for all V{U),V{y) G Oscq and 'Dm,n{U) ,Vm' ,n' {V) G 
Osc"^ one has 

Msco{V{U),V{V)) = Msc{V{U),V{V)) , 

MsC<{Vm,niU),Vm',n'iV)) = MSC (!)„,„( f/), P^.,„/ (l^)) . 

By Th.3.3.2 both scq and sc^ inherit the direct product from sc. 

As a consequence of Th.3.2.1 and Th.3.2.2 one has 

Proposition 3.4.1 The correspondence 

Osco 3 V{U) — > U e Ofm , (23) 

Msco{V{U),V{y)) 9 $ — > <l>° G Mfm(t/,\/) 

is an equivalence of categories. 

It follows that the model category fm of Frechet manifolds can be identified with the full 
subcategory scq of the category sc of open coalgebras. 



Remark 3.4.1 The inverse to the correspondence (p3D is given by 

Ofm 3U — > V{U) G Osco , 
Mfm(f/, V) 9 — > 0, G MscQ{V{U),V{y)) 

where 0=,, is a unique smooth morphism of coalgebras such that (0*)*^ = 0. Using formula 
(0) of Prop. 2. 1.3 for comultiplication in S{X) and formulae (|1^ of Prop. 3. 2.1 and ([T7|) 
of Prop. 3. 2. 2 one gets for m G t/, Xi, . . . , x^ G X, 



0*(m ■ xi ■ . . . ■ Xk) = (24) 

k -| 

= E- E 0(«)-/^l^^l0(«;xpJ-...-Dl^»l0(«;xpJ), 
i=i ^•{Pi,...,p,} 

\Pr\>0 

where the sum runs over all nonempty 2-partitions of the index set {1, . . . , k}. 
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Let us now compare T>{U) to the dual coalgebra (see Appendix A. 5 ) C°°{U)° of the 
algebra C°°([/) of smooth real- valued functions on an open subset t/ of a Frechet spaceX. 
For this purpose we introduce the pairing 

{., .)u: V{U) X C°°(f/) -^ IR 

defined, for all u & U, Xi, . . . , Xk E X , and / G C°°{U) by 

{uj)u ^ f{u) , (25) 

{u-xi- ...■Xk,f)u = D^f{u]Xi,...,Xk) . 

Proposition 3.4.2 Let U be an open subset of a Frechet space X, {V(U), Ai/,eu) the 
even open coalgebra, andC°°{U) the algebra of smooth functions on U. 

1. For all f,ge C~(f/), io G V{U), 

{^J-g)u = ^{^{i)J)u{^{2),9)u , 

{uJ,l)u = £ui^) , 
where Auu = J2 ^{i) ® ^(2)- 

2. Let (j) : U ^ V be a smooth map of open subsets of Frechet spaces. Then 

for allujeV{U)J eC^iV). 

The first part follows from the mutiple Leibnitz rule (Prop. 2. 2. 2) and the explicit for- 
mula for the comultiplication in S{X) (Prop. 2. 1.3). The second part is a straightforward 
consequence of the multiple chain rule (Prop. 2. 2.1) and formula (p3) for 0*. 



Proposition 3.4.3 With the notation o/ Prop. 3. 4. 2 the map 

V{U) 3 a — >{a, . ) G C°°(t/)° (26) 

is an injective morphism of Zi2-graded coalgebras. 

Proof. By Prop.3.4.2 and Prop.2.5.3 for all u G V{U), {u, . )u G C°°(t/)°. By Defini- 
tion 2.5.1 of dual coalgebra and Prop.3.4.2 (^) is a morphism of ^2-graded coalgebras. 
Using the Hahn-Banach theorem for Frechet spaces one can show that the pairing ( pS]) is 
nonsingular which implies the injectivity of the map (^^j- □ 



Remark 3.4.2 The image of the map (|26| ) is a subcoalgebra of C°°(f/)° consisting of 



all finite linear combinations of evaluations of directional derivatives of arbitrary order. 
This subcoalgebra will be called the coalgebra of Dirac distributions on U . For infinite- 
dimensional Frechet spaces this is a proper subcoalgebra of C°°(f/)°. 

We shall proceed to the model category of BLK supermanifolds. Let F = (F°, F) : 
^rn,n _^ ^m. ,n ^^ ^ sm-morphism and {F^}^^^ its exterior components. The collection 
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{F°,F/^, ...,F^} can be regarded as a point in the space C^{'Dm,n{U),Vm',n'{V)). By 
Th.3.2.1 there exists a unique smooth ^2-graded coalgebra map with the underlying part 
F° and with the exterior components {F^}k=i- We denote this map by F*. 

Let G = (G°, G.) : Sy '" -^ S^ '" be another sm-morphism. Then by the above 
construction one has a smooth ^2-graded coalgebra map G^ : ^m',n'(^) -^ 1^m",n"(W). 
Comparing formula ([T^) for the exterior components of composition of sm-morphisms 
(Rem. 2. 3. 2) with the corresponding one (^Tj) for the composition of smooth ^2-graded 
coalgebra morphisms (Th.3.2.2) one gets {G o F)^ = G^, o F^. 

Proposition 3.4.4 The correspondence 

Osm 3 Su'" — > Vra,n{U) G Osc< , (27) 

Msm(5^'",5™''"')9F=(F0,F) -^ F, eMsc<{V^,^iU),V^,y{V)) 

is an equivalence of categories. 

Let S'^'"{U) be the ■^2-graded algebra of superfunctions of a superdomain S^'"", and 

(., .)c/:P^,.(t/)x5"'"([/)-^iR 

a pairing defined by 

{uj)u ^ f{u) , (28) 

{u-ai- ...■ak,f)u = D''f{u;ai,...,ak) . 

for all M G f/, ai, . . . , Ofc e iR"'©iR", and / G 5™'"([/). 

As a consequence of the multiple Leibnitz rule (Prop. 2. 3. 3) and the multiple chain 
rule (Prop. 2. 3. 5) for superfunctions one has the following sm-counterpart of Prop. 3. 4. 2. 

Proposition 3.4.5 Let iS™'"(?7) be the Z:2-graded algebra of superfunctions of a super- 
domain S^'"" , and (Vm,n{U),Au,ei/) the open coalgebra Vm,n{U) = 7-^{/(iR™'©iR"'). 

1. For all f,ge 5-'"(f/)o U 5™'"(t/)i, uj G P^,„(f/), 

{ujj-g)u = ^(-l)I^IK2)l(^(^),/)^^2),^)f/ , 
{uj,l)u = euiuj) , 
where Ai/u = J2 "^(i) ® ^(2)- 



-•m'n' 



2. Let F = (F , F) : S^'"' — > Sy '" be a sm-morphism. Then 

{F*UJ,f)v = {uJ,Fyf)u , 

forallu;eV^,n{U)JeS"'''''{V). 

Proposition 3.4.6 With the notation o/ Prop. 3. 4. 5 the map 

V^^^iU) 9 07 ^ (a;, . ) G 5"'"(f/)° (29) 

is an isomorphism of Z2-graded coalgebras. 
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Proof. Since the pairing (^) is nonsingular the map ( p9D is injective. By Prop. 3. 4. 5 it 
is a niorphism of .^2-graded coalgebras. In particular it preserves the coradical filtration 

V (U) = li V iU\^^'> 

k > 

of the irreducible components T>m,n(yU)u, u E U . Hence, for all -u G f/, A; > one has the 
injective maps 

P„,„(f/)i'=) 3 a -^ (a, . ) G 5"^'"([/)°(^) . (30) 

By Prop.A.5.6 5™'"(t/)°Jf^ = (5™'"([/)//^+i)' and therefore 

dim(I)„,„(f/)l'=)) = dim(5'"'"(t/)°l'^)) < +00 . 
It follows that the maps (^) are surjective for all A; > 0, and u E U, and so is the map 

Remark 3.4.3 By Prop. 3. 4. 6 the open coalgebra 'Dm,n{U) can be identified with the dual 
coalgebra of the algebra of superfunctions S"^'"'{U). The coalgebra of Dirac distributions 
on the superdomain 5^'" is defined as coalgebra of all finite linear combinations of 
evaluations of differentiations of superfunctions. This coalgebra coincides with the dual 

coalgebra 5™'" (f/)° [§. 

3.5 Superfunctions 

Prop. 3. 4.1 and Prop. 3. 4. 3 of the previous subsection provide characterization of even open 
coalgebras as objects dual to algebras of smooth functions on open subsets of Frechet 
spaces. Similarly by Prop. 3. 4. 4 and Prop. 3. 4. 6 finite-dimensional open coalgebras are 
dual coalgebras to alegbras of superfunctions on superdomains. Using this duality smooth 
functions in both cases can be regarded as linear functionals on corresponding coalgebras. 
This leads to the following definition of superfunction in general case. 

Definition 3.5.1 Let T>x{U) be an open coalgebra. A linear functional f G T>x{U)' is 
called a superfunction on Vx{U) if the following conditions are satisfied. 

1. For each k > the function 

fk-.Ux X X . . . X X 3 {u, ai, ..., Ofc) — ^ (/, M ■ ai ■ ... ■ ttfc) G iR 

k 

is jointly continuous with respect to the Cartesian product topology on U x X^*^. 

2. For each k > and for all x G Xq, u E U, and Oi, ..., a^ G X the partial derivative 

(/, (w + ex) ■«! ■ ... -Ofc) - (/,M-ai • ... -Ofc) 
D^{f,u-ai ■ ... -ak) = lim 

exists. 

3. For each k > and for all x G Xq, u E U, and ai, ..., ak E X 

D^{f, u- ai- ...■ ak) = {f,u- ai- ... ■ ak- x) . 
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Remark 3.5.1 Let Vx{U)' be the full algebraic dual of an open coalgebra Vx{U). Let 
us consider the inclusion of ^2-grcided spaces 

f.Vxiuy^Vxiuy ^iVxiu)®Vxiu)y , 

defined for each f,g e VxiUy^ U VxiUy^, and a,/5 G Vx{U)o U Vx{U)i by 

(2(/®(7),a®/?) = (-l)I^IH(/,a)((?,/5) . 
T^x{Uy has the structure of ^2-graded commutative algebra with multiplication 

M : Vx{uy ® i)x(f/)' -^ {Vx{u) ® Vx{u)y ^ Vx{uy , 

and unit u : R ^ Vx{Uy. 

The explicit formula for the product / ■ g reads 

{f-g,u-a^-...-ak)= Y. cy{X,V){-iy^\\''^^\{f,u-ap,){g,u-ap,) , (31) 

V={Pl,P2} 

where u & U, Oi, ..., a^ ^ -^j the sum runs over all 2-partitions of the index set {1, ..., k}, 
and the notation of Rem.2.1.2 is used. The unit l = u{l) is given by 

{l,u) = 1 , (Il,M-ai ■ ... -afc) = , 

for all u E U, Oi, ..., a^ G X. 

Differentiating the formulae above with respect to the variable u and checking the condi- 
tions of Def.3.5.1 one gets 

Proposition 3.5.1 The subspace Vx{U)^ C Vx{Uy consisting of all superfunctions on 
an open coalgebra VxiU) is a Z2-graded subalgebra ofVx{Uy. 

Definition 3.5.2 Let f be a superfunction on an open coalgebra VxiJJ). The map 

f:U3u^{f,u)eIR 

is called the underlying part of the superfunction f . For each k > 1 the k-th exterior 
component fj} of the superfunction f is defined as a map 

fk-U^ Xi X ... X Xi 3 {u, G, ..., Cfc) ^ (/, ^ ■ 6 ■ - ■ik)elR . 

k 

It follows from Def.3.5.1 that the underlying part and the exterior components of a su- 
perfunction / on an open coalgebra T>x{U) are smooth functions on U and U x Xf , 
respectively. For all u E U; Xi, ...,Xk G Xq; ^i, ...,C^i G Xi one has 

(/,M-6 ■ ••• -^rXk- ... -Xi) = D^^...D^^{f,u-^i ■ ... -^i) 

where D^ denotes the partial derivative with respect to -u- variable in the direction x G Xq. 
This implies that the superfunction is uniquely determined by /°, and {fk}k>i- 
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Let Vx{U) be an open coalgebra and 

R : Vx{U) X S{X) 3{uj,u-a) — > u ■ a ■ uj e Vx{U) 

the right action of the Hopf algebra S{X) on Vx{U) introduced in Subsect.3.1. For each 
uj G S{X) one has a hnear map R'^ : VxiU)' -^ VxiU)' given by 

{Kf,u-a) = {f,Ru;{u-a)) = {f,u-a-uj) , 

for all -u G f/, a G S{X). One can easily check that if / G T>x{U)' is a superfunction so 
is R'J- 

Definition 3.5.3 Let f he a superfunction on an open coalgebra Vx{U). For each uj G 
S{X) the superfunction D^^f = R'^f is called the derivative of f in the direction uj. 

The following proposition says that the notions of superfunction on open coalgebra (Def.3.5.1^ 
and its derivative (Def.3.5.3) are generalizations of the corresponding notions both in the 
smooth Frechet geometry and in the finite-dimensional BLK supergeometry. 

Proposition 3.5.2 

1. Let X = Xq © {a} be a purely even Z:2-graded Frechet space. Let U be an open 
subset of Xq and let 

{., .)u: V{U) X C^iU) -^ IR 

be the pairing o/ Prop. 3. 4. 2. Then the map 

C°^{U)3f^J={.,f)ueVxiur 

is an isomorphism of ^2-gTaded algebras. Moreover, for all u eU, xi,...,Xk G X 
one has 

D^^,„^J{u) = D''f{u;xi,...,Xk) . 

2. Let X = IR"^(BlR^ be a finite- dimensional Z2-graded Frechet space. Let U be an 
open subset of M"^ and 

{., .)u: V„,,,{U) X 5™'"(f/) -^ M . 

the pairing o/ Prop. 3. 4. 5. Then the map 

S"''-{U)3f^J={.J)ueVx{Uf 

is an isomorphism of Z: 2- graded algebras. Moreover, for all u E U, ai,...,ak G 
R"^®R'^ one has 



Dai-...-aJ{u, 9) = D''f{u, 6; ai, ..., a^) . 

Remark 3.5.2 Let $ : T>x{U) -^ 'DyiV) be a smooth morphism of open coalgebras. 
Then the dual map $' : Vy{V)' -^ T>x{Uy is a morphism of .^2-graded algebras. Let / 
be a superfunction on VyiV). For all -u G f/, ai, ..., Ofc G X one has 



($7,M-ai "... -afc) = (/,$(M-ai -...-afc)) (32) 

E^ E cy{X.V){f,^\u)-<^+p^^{u,ap,)-....^^p^^{u,ap,)) , 
\P^\ >o 
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i=i^- {Pi,...,p.} 



where the sum runs over all nonempty partitions of the index set {1, ...,k}. Following the 
proof of Th.3.2.2 one can show that the functional $'/ is a superfunction on Vx{U). It 
follows that $' defines a morphism of ^2-graded algebras 

$* : Vy{V)'' 3 f — ^ $7 G VxiU)"" . 

The superfunction $*/ = $'/ is called the pull-back of the superfunction /. 

Differentiating formulae (|3T| ) and (|3^ ) according to Def.3.5.3 one gets the multiple Leibnitz 
and the chain rules for superfunctions 

Proposition 3.5.3 Let Vx{U)^,Vy{V)^ be algebras of superfunctions on open coalge- 
bras T>x{U), and Vy{V), respectively, Let $ : T>x{U) -^ Vy{V) be a smooth morphisms 
of open coalgebras. 

1. For each f,g& VxiU)^ and ai, ..., a^ G X 

D,,.,„.,Sf-9)= E cy{X,V){-l)\f\\^-^\D,,J.D,,^g , (33) 

V={Pl,P2} 

where the sum runs over all 2-partitions of the index set {1, ..., k} and the convention 
DaJ = Dif = f is used. 

2. For each g G Py(V")^ and ai, ..., a^ G X 

{Da,.....a,^*g)\u) = (34) 

= i:l^ i: cT{X,V){g,<!>'{u).<!>^u,ap,). ....<^^u,ap,)) , 

1=1 ''■ {Pi,...,pa 

where the sum runs over all nonempty partitions of the index set {1, ..., k}. 

Let VxiU) be an open coalgebra. For each pair of open subsets U" C U' C U we define 
the restriction map 

g^.^.-.VxiUr^-DxiU'T 

as dual to the inclusion VxiU") C VxiJJ'). The assignment for each open subset U' C U 
the ^2-graded algebra Vx{U')^ of superfunctions with the restriction maps above defines 
a sheaf V^} = {U, Vx{ ■ )^) of ^2-graded algebras. 

Let $ : T>x{U) -^ T>y{V) be a smooth morphism of open coalgebras. For each open 
V <ZV the restriction 

^v' ■■ Vx{^''~\v')) 3fi^ $(/i) G Vy{V') 

is a smooth morphism of open coalgebras. Then the family of dual maps 

<l>*y, : Vy{VT -^ Vx{<^'''\v'))'' 

defines the morphism of sheaves of Z2-gTaded algebras $* = ($°, $*) : V^) — > Vy. One 
has the following 
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Proposition 3.5.4 The correspondence 

VxiU) — > P^ = (f/,I?x(.)") , 
$ — , <|.* = (<|.o^$*) ^ 

is a covariant functor from the model category sc of open coalgebras to the category of 
sheavs of Z2-graded algebras. 

The functor above restricted to the subcategory sc^ of finite- dimensional open coalge- 
bras yields an inverse to the functor o/ Prop. 3. 4. 4. 

4 Smooth coalgebras 

4.1 Category of smooth coalgebras 

Definition 4.1.1 Let M. be a pointed Zi2-graded cocommutative coalgebra and X = Xq© 
Xi a M2-9i"aded Frechet space. An X-atlas on Ai is a collection {{Ua, ^a)}aei '^f charts 
{Ua, $a) satisfying the following conditions; 

1. The collection {Ua}^^j is a covering of the set M of group-like elements of M. 

M= U f/„ . 

a e / " 

2. For each a E I, let J^{Ua) be a subcoalgebra of JH given by 

where Aip denotes the irreducible components of Ai containing p E Ua- 
Each $Q, is an isomorphisms of ^2-grO'ded coalgebras 

^a:M{Ua)-^Vx{^\Ua)) , 
where T>x{^^{Uci)) is an open subcoalgebra ofDx. 

3. For any a,P & I such that Ua^Up^ 0, $°(t/a fl Up) is an open subset of Xq, and 

$, o $-1 : Px($?(f/a n Up)) -^ Vx{^l{Ua n Up)) 

is a diffeomorphism of open subcoalgebras ofDx. 
Let {{Ua, ^a)}aei ^^ ^^ X-atlas of M.. For each a G / the underlying part of $„, 

$° : f/, -^ Xo 
is a bijective map onto an open subset of Xq, and the compositions 

<o{^l)-^:^l(Ua)-^^l{Ua) 



are homeomorphisms. As in the standard theory of manifolds |^ one easily shows that 
there exists a unique topology Tm on M such that all Ua are open and all $° are home- 
omorphisms onto open subsets of Xq. 
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Definition 4.1.2 Two X-atlases {{Ua,^a)}aei> 1(^/3' *^/3)}/3eJ ^^ -^ '^''"^ compatible if 
the union of them {{U^, $7)} ^^^jj ^-^ '^'^ X -atlas on M.. 

One easily verifies tliat compatible X-atlases on M. determine the same topology Tm on 
M . Since the smoothness of a graded coalgebra morphism in sc is a local property one 
also has: 

Proposition 4.1.1 The relation of compatibility of X-atlases is an equivalence relation. 

Definition 4.1.3 Let M. be a pointed Z2-gi"(ided cocommutative coalgebra and X a ^2- 
graded Frechet space. An equivalence class of compatible X-atlases on M. is called an X- 
smooth structure on M.. A coalgebra M. with an X -smooth structure inducing a HausdorfJ 
topology Tm on M is called a smooth coalgebra modelled on the Z2- graded Frechet space 
X, or simply an X-smooth coalgebra. 

Note that by Prop. 4. 1.1 an X-atlas on M. uniquely defines a smooth structure on M.. 

Definition 4.1.4 Let Ai be an X-smooth coalgebra. An X-atlas on Ai is said to be 
admissible if it defines an original X-smooth structure on M.. A chart {Ua, ^a) on M. is 
called admissible if it belongs to an admissible atlas on M.. 

Remark. 4. 1.1 Let {{Ua,^a)}aei ^^ ^^ admissible X-atlas on a smooth coalgebra Ai. 
By Prop. 3. 2. 2 and Th.3.2.2, {{Ua, ^a)}aei ^^ ^ smooth Xo-atlas on M. By the same token 
compatible atlases on Ai induce compatible smooth atlases on M. The space M of group- 
like elements of A^ with the smooth structure determined by the atlas {(^a, '^a)}ae/ ^^ 
called the underlying manifold of At. 

Definition 4.1.5 Let Ai^M be smooth coalgebras. A morphism ^ : Ai ^ M of ^2- 
graded coalgebras is said to be smooth if for each p E M there exist admissible charts 
{Ua, $a) on A\ and {V^, \E'-y) on M such that p G Ua, $°(f/a) C V^, and the map 

^^ o $ o $-1 : Vx{Ua) -^ Vx{V^) 

is a smooth morphism of open subcoalgebras. 

As a simple consequence of Th.3.2.2 one gets 

Proposition 4.1.2 The composition of smooth morphisms of smooth coalgebras is smooth. 



Definition 4.1.6 The objects of the category SC of smooth coalgebras are X-smooth 
coalgebras, where X runs over the category of graded Frechet spaces. 

For any two objects At,// G OSC the space of morphisms MSC(7W,A/') consists of 
all smooth morphisms of graded coalgebras. 

The composition of morphisms in SC is defined as a composition of graded coalgebra 
morphisms. 

An isomorphism in the category SC is called a dijfeomorphism of smooth coalgebras. 
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Remark 4.1.2. In order to simplify further considerations we assume that objects and 
morphisms of the category SC are defined up to diffeomorphisms of smooth coalgebras 
with underlying parts being identitical maps in FM. 

Remark 4.1.3. Let M-^M be smooth coalgebras, and ^ : M. ^ M a, morphism of 
^2-graded coalgebras. The restriction of $ to the set M of group-like elements of M., 
$° : M — > iV is called the underlying part of the morphism $. For composition of two 
.^2-graded coalgebra morphisms one has (\E' o $)° = ij/*' o $". By Rem. 4. 1.1 if {Ua-, $«), 
(V^, \E'^) are admissible charts on M. and A/", then {Ua, $„), (V^, ^^) are admissible charts 
on M and N , and the map 

v[/Oo$Oo$o-i:$0(f/J^M/0(V:,) 

is smooth by Prop. 3. 2. 2. It follows that the underlying map of a smooth morphism of 
graded coalgebras is a smooth map of Frechet manifolds. 

Definition 4.1.7 Let X = Xq (B Xi be a ^2-9i"(ided Frechet space, and {Ua,'^a}aei o-n 
admissible atlas on a smooth manifold M modelled on the Frechet space Xq. Let {^af3}a&i 
be a collection of maps such that, 

1. for all a el, 13 e I{a) = {(3 e I : U^nU^ ^ di} 

^a/3 : VxiMUa n t/^)) ^ VxiMUa n u^)) 

is an isomorphism of smooth open coalgebras such that ^°^ = ipj^o ip~^; 

2. for all a e I, ^^^ = idjR^^((7^)c35(x); 

3. for all a,j3,'^ e I such that UafMffsnU^ ^ 0, 

onVxiMUanUpHU^)). 

A collection {^a/3}ae/ with the properties above is called an X-cocycle of transition sc- 
morphisms over the atlas {Ua, ^Pa}aei on M . 

One has the following "reconstruction theorem" which is very useful in constructing new 
smooth coalgebras, 

Proposition 4.1.3 Let {^af3}a(^i be an X-cocycle of transition sc-morphisms on M . 
Then there exists a unique smooth coalgebra M. with the underlying manifold M and with 
the admissible X-atlas {{Ua,'^ a)}aei such that 

^ap = ^P°^a\vxi^l(U^nU,)) ' (35) 

for all a E I , P E 1(a). 
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The smooth coalgebra M. and the X-atlas {(f/a, \I/a)}aG/ of the proposition above are 
said to be generated by the X-cocycle {'^a/3}a€i- 

Proof. Let {"^a/sjaei be an X-cocycle related to a smooth atlas {Ua,^Pa}a€i on M. 
For p G M, consider the space of pairs (a, m)p, where a G / is such that p & Ua and 
m G Vxy^^ip) = M{ipaip)} ® S{X). Two such pairs are equivalent 

{a,m)p ~ {a',m')p 

if m' = "^aa'ifn)- Using the cocycle properties (Def.4.1.7) one easily shows this is an 
equivalence relation. Let M.p denote the space of equivalence classes of this relation and 
let [{a,m)p]^ denote the equivalence class of {a,m)p. Since ^^o' are ^2-graded coalgebra 
morphisms Aip acquires the structure of irreducible pointed ^2-graded cocomutative 
coalgebra: 

A[{a,m)p]^ = ^ [(a,m(i))p]^(g) [(a,m(2))p]^ , 

(m) 

e{[{a,m)p]^) = e<^„(t/,)(m) . 

Let A4 be the direct sum of irreducible ^2-graded coalgebras 

M= ®,Mp . 

For each a G / we define 

^c. : M{Ua) 3 [{a,m)uU — 'me R^aiUa) ® S{X) . 

Using the cocycle properties (Def.4.1.7) one verifies that the collection {{Ua,'^a)}aei ^^ 
an X-atlas on Ai with the required transition sc-morphisms. By Prop. 4. LI it defines a 
unique X-smooth structure on Ai. 

Suppose that there exists another smooth coalgebra Ai' over M with an admissible 
X- atlas {{U'^, '^'a)}aei satisfying the condition (P^l). Then the map defined for each p e M 

by 

M'p3m > ^^^ o ^; G Mp 

extends by linearity to the diffeomorphism of smooth coalgebras over the identity map. 
Hence A^' = A^ by Rem.4.1.2. D 

Two cocycles {'^'a'/3'}a'ei, {^"a"/3"}a"G/" of transition sc-morphisms on M are said to be 
compatible if there exists a third one {^a/jjoG/ such that 

{Va'}a'er U {Va"}a"£r' C {iPa}aeI , 
{'^'a'f3'}a'er^{'^a"l3"}a"el" C {"^alsjaGl , 

as sets of maps. Using the construction of Prop.4.L3 for all three cocycles of the definition 
above and comparing the resulting smooth coalgebras one gets 

Proposition 4.1.4 Compatible X-cocycles of transition sc-morphisms on M generate 
the same X -smooth coalgebra M. and compatible X -atlases on M.. 
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Definition 4.1.8 Let Ai be anX-smooth coalgehra. A linear functional f on M. is called 
a superfunction if for each p & M there exists an admissible chart {Ua, $a) such that 
p G Ua, and the functional {^'^^Yf is a superfunction on the open coalgehra Vxi^ai^a))- 

Proposition 4.1.5 Let Ai' be the full algebraic dual of Ai endowed with the ^2-gro,ded 
algebra structure dual to the Z2-graded coalgebra structure on 7W. 

The subspace TW^ C 7W consisting of all superfunctions on an X-smooth coalgebra 
Ai is a Z:2-graded subalgebra of Ai' . 

Let {{Ua,^a)}a(zj be an admissible X-atlas on a smooth coalgebra A^ and let U be an 
open (with respect to the induced topology Tm) subset of M. Then the collection 

[{U nUa,^a\M{U)nM{Uc.))]^^j , (36) 

is an X-atlas on the subcoalgebra 

M{U)= Mp , 

peu 

Compatible X-atlases on Ai induce compatible X-atlases on Ai{U). The subcoalgebra 
Ai{U) C 7VI with the smooth structure defined by the induced atlas (^) is called an open 
subcoalgebra of A^. 

Assigning to each open substet U C M the ^2-graded algebra Ai{U)^ of super- 
functions on Ai{U) and introducing the restriction maps as duals to the inclusions 
M{U') C MiU), iU' C U) one gets a sheaf of ^2-graded algebras A^^^ = {M,M{. Y). 
A\%^ is called the sheaf of superfunctions on Ai. 

Let $ : A^ — > A/" be a morphism of smooth coalgebras. By Rem. 3. 5. 2 for each 
superfunction g G A/"^, the functional ^'g is a superfunction on AI. (^*g = ^'g is called 
the pull-back of g. For each open subset V d N we define $y : NiV)^ -^ At{U)^ as a 
map dual to 

^v ■■ M{^°'\V)) 3 12 — >^i2)eAf{V) . 

The collection of maps {$*} defines a morphism of sheaves of ^2-graded algebras $* = 
($", $*) : Al^j- -^ A/yv- One has the following global version of Prop. 3. 5. 4 

Proposition 4.1.6 The correspondence 

M ^ A1^,= (M,A1(.)^) , 
$ — , <l>* = ($°,$*) , 

is a covariant functor from the category SC of smooth coalgebras to the category of sheaves 
of Z2-graded algebras. 

4.2 Direct product 

Let Ai,N he smooth coalgebras modelled on graded Frechet spaces X, and F, respec- 
tively. One can introduce an (X © y)-smooth structure on Ai ® M as, follows. Let 
{{Ua,^a)}ci^i be an admissible X-atlas on AI, and {{Vp,'^ p)} ^^j an admissible F-atlas 
on M . Consider the collection 

{(f/„x\/^,$,®vl/^)}(^^^)^,^, . (37) 
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One obviously has 



^x^=(„,,)y/x.^"X^/^ 



and the ^2-graded coalgebra isomorphisms 

Px©y($° X ^°((f/, X r^) n (t/,, X v^O)) = 2)x($°(f/anf/,0)®^y(^S(^/3nV/3')) • 

By Def.3.3.1 the r.h.s of the equations above can be regarded as tensor products in the 
model category while the l.h.s as open subcoalgebras of Vx(sy- Then the ^2-graded 
coalgebra morphisms 

($„ ® ^^) O ($^, ® ^^,)"^ = i^a O $;/) ® ($/3 O $fl/) 



are smooth by Prop. 3. 3.1. It follows that the collection (|37| ) defines an (X © y)-atlas 



on A^ ® Af. One can easily verify that compatible atlases on A4 and A/" lead by the 
construction above to compatible atlases on Al A/", hence the following definition: 

Definition 4.2.1 The tensor product of two smooth coalgebras Ai^M & OSC modelled 
on the Z:2-graded Frechet spaces X,Y, respectively, is the tensor product of Z2-gi"0'ded 
cocommutative coalgebras M. ©A/" endowed with the {X®Y)-smooth structure determined 
by the atlas (^ 



As a consequence of Prop. 3. 3.1 one gets 
Proposition 4.2.1 

1. Let $ : Al ^ M , $' : Al' ^ N' be morphisms of smooth coalgebras. Then the 
tensor product of graded coalgebra morphisms 

^®^' : M® M' 3 m®m' — > $(m) ® $'(m') e N ® M' 

is a morphism of smooth coalgebras. 

2. Let M. ®M be the tensor product of smooth coalgebras. Let Sm.^n be counits in the 
coalgebras AA,J\f, respectively. Then the maps 

Pm '■ M^U 3 m®n — > £Ar(n) -m E M , 
Pn ■ M®Af 3 m(g)n — > SMijn) ■ n e J\f , 

are morphisms of smooth coalgebras. 

3. The comultiplication A:A1— i>Al(8)Al in a smooth coalgebra M. is a morphism of 
smooth coalgebras. 

Remark 4.2.1 Let us observe that the X © F-atlas ( p?] ) induces the smooth atlas 

((f/« x\/fl,$° X ^°)} 
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on M X A^. It follows that the underlying manifold of A^ ® A/" is the cartesian product 
M X A^ of Frechet manifolds. The underlying parts of smooth coalgebra morphisms from 
Prop. 4. 2.1 are given by 



($ 



$0° : MxM' 3 {u,u') -^ {^\u),^'\u')) e N x N' 
M X N 3 {u,v) — ^ue M , 
M X N 3 {u,v) — >veN , 
M 3u — > {u,u) e M X M . 



pO 
pO 



By Th.3.3.1 and Prop. 4. 2.1 one gets 

Theorem 4.2.1 {Ai (E)J^,Pm,Pn) is the direct product in the category of smooth coal- 
gebras, i.e. for every smooth coalgebra S and smooth coalgebra morphisms $m : S ^ Ai, 
$7V '■ S ^ M there exists a unique morphism of smooth coalgebras ^ : £ ^ M. ® M 
making the diagram 




commute. 

Remark 4.2.2 The unique morphism $ in the theorem above is given by the composition 

and its underlying part by 



4.3 Subcategory of smooth Frechet manifolds 

Let us denote by OFM and MFM the collections of objects and morphisms of the category 
FM of smooth Frechet manifolds. In this subsection we shall show that the category FM 
is equivalent to the category SCq of even smooth coalgebras. SCq is defined as the full 
subcategory of SC consisting of all smooth coalgebras modelled on purely even graded 
Frechet spaces X = X ® {o}. By definition for all M.,N G SCq 

MSCo(Al,Ar) = MSC{M,J\f) ■ 

Note that by Th.4.2.1 SCq inherits the direct product from SC. 

Gathering together Remarks 4.1.1, 4.1.3, 4.2.1, and 4.2.2 one gets 
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Proposition 4.3.1 The correspondence 

OSC 3M — > M e OFM , 
MSC(A^,7V)9$ — > $°GMFM(M,Ar) 

is a covariant functor respecting the direct product. 

Let {{Uai '■Pa)}a&i be an admissible atlas on a Frecliet manifold M modelled on a Frechet 
space X. By Rem.3.4.1 the family {^ai3}a<^i of sc-morphisms defined by 

^a/3 = (<^/3 ° <^a')*|7R*0(C/„nC/^)®S{X) ' /^ € /(«) , (38) 

is an (X©{o}) -co cycle of transition sc-morphisms over the atlas {(f/^, V^a)}ae/ oii ^ ■ By 
the same token cocycles constructed from compatible smooth atlases on M by formula 
(^), are compatible. Thus, by Prop. 4. 1.3 and Prop. 4. 1.4, the following definition is not 
ambiguous 

Definition 4.3.1 The {X © {o})-smooth coalgebra T>{M) generated by the cocycle (|38|) 
is called the smooth coalgebra of the Frechet manifold M. 

For each admissible atlas {{Ua,fa)}a<^i on M, the (X © {o})-atlas on V{M) generated 



by the cocycle (|38|) will be denoted by {{Ua,^a*)}aei- Applying this construction to the 
maximal atlas on M we define for each admissible chart {U, (p) on M the corresponding 
admissible chart {U,ip^) on T>{M). One easily verifies that the definition of {U,ip^) is 
independent of the choice of admissible atlas containing (?7, (p). 

Proposition 4.3.2 Let M. G OSCq. Then M. is the smooth coalgebra of its underlying 
manifold M, i.e. M = V{M). 

Proof. Let {{Ua,^a)}aei ^^ ^^ admissible {X © {o})-atlas on M. Then by Rem.4.1.1 
the atlas {{Ua, ^a)}a€i ^^ ^^ admissible smooth atlas on the underlying manifold M. For 
all a,P E I{c(), $a o ^3^ are morphisms of the model category scq and by Rem.3.4.1 
$a ° ^R^ = i^a ° ^/3 )*• Then by the construction of V{M) the map defined for each 
p G M by 



Mp3fi^ ($u j-i „ $^(^) ^ p(^) 



p 



extends by linearity to a diffeomorphism of smooth coalgebras over the identity map. 
Hence M = V{M) by Rem.4.1.2. D 

Let : M — > X be a smooth map of Frechet manifolds. Then for each p E M there are 
admissible charts ([/„, (pa) at p G M and (Vg, ipp) at 0(p) G N such that the composition 

is a smooth map between open subsets of Frechet spaces (morphism in fm). 
For all /i G T>{M)p we define 

(l)^p{^)=i)^lo{il)pO(j)op-^)^op^^{^) . (39) 

By Rem.3.4.1 the definition above is independent of the choice of admissible charts at 
p E M and 0(p) G N. Extending the formula (^) by linearity in p one gets the smooth 
morphism of graded coalgebras 

0* : V{M) — ^ V{N) , 

with underlying part (0*)° = 0. 
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Proposition 4.3.3 Let Ai,Af G OSCq. For all smooth morphisms of graded coalgebras 
^■.M^^f,^ = ($°)*. 

Proof. By Def.4.1.5 for each p & M there exist admissible charts {Ua,^a) on Ai, and 
{V^, \1/^) on A/", such that p G Ua, $°(f/a) C V^ and the composition ^^ o $ o {^a)^^ is an 
sco-morphism. Then by Rem. 3. 4.1 

v[/, o $ o ($„)-! = (M/^ o $0 o «)-!), . 
By Prop. 4.3. 2 one can assume $„ = $°^ and ^^ = \&°^. Hence for all p G M, /i G V{M)p 

and $ = ($°)*. □ 

Prop. 4. 3.1, Prop. 4. 3. 2, and Prop. 4. 3. 3 imply the following global counterpart of Prop. 3. 4.1 
and Rem.3.4.1. 

Theorem 4.3.1 The correspondence 

OFM 3 M — > V{M) G OSCo , 
OFM{M,N) 9 — > 0, G MSCo{V{M),V{N)) 

is an equivalence of categories FM and SCq- Moreover it is the right inverse to the 
functor o/ Prop. 4. 3.1. 

The result above means that the category of smooth Frechet manifolds can be regarded 
as a full subcategory of the category of smooth coalgebras. This partly justifies our 
construction of SC as a ^2-graded extension of FM. 

Remark. 4. 3.1 Composing the functors from Prop. 4. 3.1 and Th.4.3.1 one gets the covari- 
ant functor respecting the direct product 

OSCbM — > M — > M=V{M)eOSCo , 
MSC(7W,Ar)9$ — > $° — > $ = ($"), gMSCo(A^, AT) . 

The functor above is called the underlying functor. 

Let us note that M. is canonically embedded in Ai. Let i^ : S{Xq) — > S{Xq Xi) 
be the canonical embedding defined as the universal extension of the composition 

Xo -^^ Xo © Xi -^ 5(Xo © Xi) . 

For each p G M we define 

Mp3 fi — ^ $-' o (id$ot/„ ® ^o) o ^IM e Mp , 

where {Ua, $«) is an admissible chart of TW at p G M. One easily verifies that the 
definition above is independent of the choice of an admissible chart at p and extends 
by linearity to the morphism of smooth coalgebras i : M. — > Ai, with i'^ = id-M- By 
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Rem. 4. 1.2 Ai can be regarded as a subcoalgebra of A^. 7W is called the underlying 
subcoalgebra of Ai. 

Remark 4.3.2 We shall briefly discuss the geometric interpretation of the smooth coal- 
gebra of a Frechet manifold M. By definition, D(M) is the direct sum of its irreducible 
components 

With respect to the graded coalgebra structure each irreducible component T>{M)p is 
isomorphic with S{X © {o}). For each p G M let 



P(M), = ,U^ D(M)f 



be the coardical filtration of T>{M)p. 

The smooth structure on T>{M) is related to the smooth structures of the k-th order 
co-jet vector bundles over M in the following way. For A; > we define the subset 

r('=)(M)=^U^,I?(M)fx C V{M) , 

and the projection 



n^ 



Let {{Ua,fa)}a£i ^c an admissible atlas on M and {{Ua,fa*)}aei ^^^ corresponding 
(X © {o})-atlas on V{M). For each A; > 0, the collection \{Ua, r^^^)] where 

rW:(7r«)-i(f/,)9;U^(^,,(/i)ef/, x5«(X) , (40) 

is a trivializing covering of vr*^'^) : T^^\M) — > M (we are using the terminology of [pj]). 
One easily verifies that compatible atlases on T>{M) yield compatible trivializing coverings 
and that vr'^'^^ : T^''\M) — > M acquires the structure of a smooth vector bundle over M 
with standard fibre S^'^^X). 

In the case of a finite-dimensional Frechet space X ^ M" the bundle n^'^^ : T^'^^M) — >■ 
M constructed above is called the k-th order co-jet bundle over M and is dual to the 
bundle of k-th order jets on M. 

In the case of an infinite-dimensional Frechet space X, for k > 2 the standard fibre 
S^''\X) is not complete with respect to the direct sum and the projective tensor product 
topologies on 

S^'\X) = S\X) , 

i = 

and S^{X), respectively. Since the transition maps of the trivializing covering (^OD are 
continuous with respect to this topology, the bundle vr'^'^) : T^'^^M) — >■ M admits a unique 
extension to a bundle with a complete standard fibre. Let us stress that in the present 
coalgebraic approach this completion will not be used. 

Remark 4.3.3 The construction discussed in the previous remark applies also to the 
subset of all primitive elements of the coalgebra T>{M). Let Tp{M) be the space of all 
primitive, with respect to p e M, elements of T>{M). For each p E M one has the 
invariant decomposition 

P(M)« = R®Tp{M) . 
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Let us introduce the set 

with the projection vr : T{M) -^ M given by 7r(7^(M)) = p. In this case the smooth 
structure on V{M) induces the canonical smooth structure of the tangent bundle of M. 

Let M be a smooth Frechet manifold, {V{M),Am,Bm) the smooth coalgebra of M, and 
{C°°{M),M,u) the algebra of smooth functions on M. For each p G M let us consider 
the pairing 

(., .)p:V{M)pXC^{M)-^R , 

given by 

where (Ua, (Pa) is an admissible chart on M at p. One easily verifies that the definition 
above is independent of the choice of an admissible chart at p. Extending formula ( PT| ) 
by linearity in the first variable one gets the pairing 

( . , . )m : V{M) X C°°(M) — > IR . (42) 

Using Rem. 3. 4.1 and Prop. 3. 4. 2 one gets 

Proposition 4.3.4 Let V{M) be the smooth coalgebra of a Frechet manifold M and 
C°°{M) the algebra of smooth functions on M. 

1. For all f,geC°°{M), fie V{M) 

{f^J-9)M = ^{^^{l)J)M{^J'{2),g)M , 
(m) 

(/i, 1)m = £^Af(/u) , 

where Aai/i = E Ai(i) ® Ai(2)- 
(m) 

2. Let (J) : M ^ N be a smooth map of Frechet manifolds. Then 

(0>, /)7V = (/^, /o0)a/ , 
for all jj G V{M), f G C^{N). 

As in the case of open even coalgebras one can show that the pairing (|^) is nonsingular. 
Then the proposition above implies the following 

Theorem 4.3.2 The map 

V{M) 3fi^ {ft, .)e c^{My 
is an injective morphism of Z 2- graded coalgebras. 
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4.4 Subcategory of sup ermanif olds 

We define the category SC^ as a subcategory of SC consisting of all smooth coalgebras 
modelled on finite-dimensional X2-graded Frechet spaces and all SC-morphisms between 
them. By definition SC^ is a full subcategory of SC i.e. for all M.,M G OSC^ 

MSC<{MM) = ^^C{MM) ■ 

By Th.4.2.1 SC^ inherits the direct product from SC. In this subsection we shall con- 
struct an equivalence of the category of BLK supermanifolds SM introduced in Subsect.2.4 
with the category of finite-dimensional smooth coalgebras SC"^. 

Let Am be a supermanifold. For each (m, n)-atlas {(f/«, -F«)}a6/ on -A-m the family of 
maps {Fap}a(^i given for all a G /, /? G /(a) by 

F^p = Fpo F-^ : Sp'^^^^^^-^ — > S'polu^^u^) ■ (43) 

is an (m, n)-cocycle of sm-transition maps over the smooth atlas {{Ua,Fj^)}a^j on the 
underlying manifold M. Applying the functor of Prop. 3. 4. 4 to the cocycle (|43|) one gets 
(iR'"©iR")-cocycle of sc-transition maps 



a/3* 



(F^oF~i), :P^,„(FO(t/,nf/^))^I?„,„(FO(f/,n[/^)) , (44) 



over the same smooth atlas on M. By Prop. 4. 1.3 the cocycle ( ^4]) generates a unique 
smooth coalgebra V{Am) and the admissible (iR™©iR")-atlas {(f/a, -Fa*)}oe/ on V{Am)- 
One easily verifies that different (m, n)-atlases on Am lead by the above construction 
to compatible (iR™'©iR")-atlases on the same smooth coalgebra T>{Am)- Applying the 
construction to the maximal (m, n)-atlas on Am, we define for each chart {U,F) on Am 
the corresponding admissible chart {U,F^) on V^Am)- 



Definition 4.4.1 The smooth coalgebra T>{Am) generated by the cocycle (|4^) is called 
the smooth coalgebra of the supermanifold Am- 

Reversing the construction above and using the reconstruction theorem for supermanifolds 
(Prop. 2. 3. 3) one can show that the correspondence 

OSM 3 Am — > V{Am) G 0SC< 

is bijective. Moreover for each admissible chart (t/, $) on 'D{Am) there exists a chart 
([/, F) on Am such that $ = F*. 

Let F = (F°,F) : Am -^ ^n be a morphism of supermanifolds. Then for each p E M 
there are charts {Ua, Fa) on Am and (V^, G^) on Bn such that p G f/a, F^{Ua) C V^, and 
the composition 

G.OFO F-l : S^,n{Fl{Ua)) ^ 5„,n(G';(V:y)) 

is a morphism in the model category sm. 

Let V{Am)p be the irreducible component oiV{AM) containing the group-like element 
p G M. For all /i G T>{Am)p we define 

F,J,{^Ji) = G-lo{G,oFoF-\oFaM . (45) 
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By Prop. 3. 4. 4 the definition above is independent of tfie clioice of admissible charts at 
p & M and $°(j9) G A^. Extending formula (|45| ) by linearity in p one gets the smooth 
morphism of graded coalgebras 

with the underlying part (-F*)° = F^. As a consequence of Prop. 3. 4. 4 one gets 

Theorem 4.4.1 The correspondence 

OSM 3 Am -^ V{Am) e OSC< , (46) 

0SM{Am,Bn)3F — y F, GMSC<(P(^Af),^(Siv)) 

is an equivalence of categories SM and SC^. 

It follows that the category of BLK supermanifolds can be identified with the full sub- 
category of the category of finite-dimensional smooth coalgebras. Since by Th.4.3.1 the 
category of Frechet manifolds can be identified with subcategory of even smooth coalge- 
bras, SC provides a correct extension of both categories. 

Remark 4.4.1 As in the case of category FM of Frechet manifolds (Rem. 4. 3. 2, Rem.4.3.3) 
the smooth coalgebra of a supermanifold admits the geometrical interpretation in terms 
of co-jet vector superbundles [B3]. Since the constructions of these bundles requires some 



techniques of algebraic geometry |39] not used in the present paper, we refer to the original 



paper |^8[ for the discussion of this point. 

Let {V{Am), Am, £m) be the smooth coalgebra of a supermanifold Am, and {A{M), M, u) 
the algebra of superfunctions on Am- For each p & M the pairing 

( . , . )p : V{Am)p X A{M) -^ M , 

is defined by 

{l^J),^{F^M,iFa%Af\uJ)FOiu^) , (47) 

where {Ua, Fa) is a chart on Am at p. By Prop. 3. 4. 4 the definition above is independent 
of the choice of a chart at p. Extending formula (|47|) by linearity one gets the pairing 



( . , . )m : V{Am) X A{M) ^ M . (48) 

As a consequence of Prop. 3. 4. 4 and Prop. 3. 4. 5 one has 

Proposition 4.4.1 Let V{Am) be the smooth coalgebra of a supermanifold Am- 
1. For all f,g e A{M)o U A{M)i, fi G V{Am) 

{f^J-9)M = E(-l)'^'''^''''(m'/)M(m,^)M , 
(m) 

(/i, 1)m = £m{i^) , 

where AM/i = E yU(i) ® f^{2) - 
(m) 
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2. Let F = (F°, F) : Am -^ ^n be a morphism of supermanifolds. Then 

{F*fl,f)N = {lJ^,F]\[f)M , 

foralli2eV{AM)JeB{N). 

Using Prop. A. 5. 6 and the above proposition one obtains the following global version of 
Prop.3.4.6 I, H 



Theorem 4.4.2 The map 

V{Am) 3uj—^{uj,. )m e A{Mf 
is an isomorphism of Z 2- graded coalgebras. 



Each superfunction / on a supermanifold Am can be identified via the pairing (^) with 
a superfunction ( . , /)m on V{Am)- Assuming this identification one has 

Proposition 4.4.2 The functor 0/ Prop. 4. 1.6 restricted to the subcategory SC^ of finite- 
dimensional smooth coalgebras 

OSC<9 7W — > Mli = {M,M{.)'')eOSM , 
MSC< 9 $ — > $* = ($°, $*) G MSM , 

is an equivalence of categories and the inverse to the functor o/Th.4.4.1. 

Appendix 

A.l Graded spaces 

A ^2-graded space is a vector space V with distinguished subspaces Vq, Vi such that V 
is the direct sum Vq © Vi of Vq and Vi. Vq, Vi are called the even and the odd part of V, 
respectively. Similarly, an element f G ^ is called even if f G Vq and odd if f G V^i. Any 
element v E V has a unique representation as a sum v = vq + vi oi its even vq G Vq and 
odd Vi G Vi components. An element f G Vq fl Vi is called homogeneous, li v & Vi,v ^ 
the parity \v\ of a homogeneous element v is defined by l^;! = i G ^2- 

Let V, W be .^2-graded spaces. The space Hom(\/, W) of all linear maps from V to W 
gets the natural grading 

Hom(V, W) = Hom(V, W)o © Hom(\/, W)i , 

where / G Hom(y, Vr)j if f{Vj) C Wi+j. A morphism of Z 2- graded spaces is an even 
linear map (i.e. an element of Hom(V, W)q). 

A graded subspace 14^ C V" of a ^2-gi'aded space V^ is a vector subspace of V with the 
^2-grading given hy W = {W nVo) ® {W nVi). 

The direct sum V ®W of 'Z 2- graded spaces V, W is the direct sum l^©Vr of vector spaces 
V, W with the ^2-grading 

{V®W)o = Vo®Wo , {V®W)i = Vi®Wi . 
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The tensor product V ^ W of Z2-gTaded spaces V, W is the tensor product V ^ W oi 
vector spaces with the ^2-grading 

{v^w)k= e Vi^Wj . 

i+j = k 

Let V, Whe ^2-graded spaces. The twisting morphismT : V^W -^ W^V is a morphisms 
of graded spaces defined by 

T{v(»w) = (-l)l^ll"'lw®t; 

for all V eVonVi,w eWoH Wi. 



A. 2 Graded algebras 

Definition A. 2.1 A triple (A, fi, u) where A is a Z:2-graded space and fi, u are morphisms 
of ^2- graded spaces 

fj, : A® A — >A (multiplication) 

u : M — > A (unit) 

is called a Z2-gi"(ided algebra if the diagrams 

A(»A(»A 
// (g) id^^ ^\ id ® fi 



A^A 




A^ A (associativity) 



A(S)A 



u (8) id _ 

lR(g)A 



Jd u 
^ A® IR (unitarity) 



A 

commute. 

A ^2-graded algebra A is called commutative if the following diagram commutes. 

A 




A® A 



T 




A® A 



A morphism of Z2- graded algebras F : A ^ B is a. morphism of graded spaces such that 
the diagrams 
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A® A B®B 



R 



IJ^A 



A 



F 



fJ-B 



B 



A 





B 



commute. 



The tensor product of Z 2- graded algebras (A, /iyi,-u^), {B, fiB,UB)^s the tensor product 
A® B oi .^2-graded spaces with the Z2-gTaded algebra structure given by 

^iA®B ■■ A®B®A®B A®A®B®B A®B , 

ua®ub 

ua^b ■ IR = 1R®IR A®B . 

Definition A. 2. 2 A bigraded algebra A is a ^2-gi"(ided algebra with a ^^-grading A = 

00 

A^ such that: 

i = 1 

1. for every i G ^+, A^ is a ^2-gT^o,ded subspace of A; 

2. u{R) C ^0; 

3. for every i,j G ^+, i^{A'^ ® A^) C A*+^'. 

A. 3 Graded coalgebras 

Definition A. 3.1 A triple (C, A, 5) where C is a Z2-graded space and A, e are morphisms 
of ^2 -graded spaces 

A : C — >C®C (comultiplication) 
e : C — > M (counit) 

is called a Z2-graded coalgebra if the diagrams 

C®C®C 
A id x""^ ^\ id (g) A 



C®C 



C ®C (coassociativity) 



C 



e (g) id 



M^C 



C^C 



,id (g) e 
^ C ® IR (counitarity) 
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commute 

A ^2-graded coalgebra C is called cocommutative if the following diagram commutes. 



C 



COC 




c®c 



A morphism, of Z2- graded coalgebras $ : P ^ P is a morphism of graded spaces such 
that the diagrams 



Ac 



$ (8)<l> 



$ 



Ad 
V 




commute. 



The tensor product of Z2- graded coalgebras {C, Ac, ec), {T>, Ao, sd) is the tensor product 
C ®V oi ^2-graded spaces with the .^2-gi'aded coalgebra structure given by 



^J'Cm ■■ C®V®C®V 



C®C®V0V c®v 



ua^b 



]R = IR®]R 



ucfi^uu 



c®v 



Let C be a .^2-graded coalgebra. For any c & C, Ac can be written as a (non unique) sum 
of simple tensors. It is convenient to use the following so called sigma notation 

Ac = Y^ C(i) ® C(2) , 

where one can assume that all C(i) , C(2) are homogeneous. Similarly, by the coassociativity 
one can write 



A^c 



(A(g)id 



3 



o A (g) id o A 



fc-i 

= ^C(^l)® ■■■®C{k+l) ■ 

A ^2-graded coalgebra C is irreducible if any of two non-zero ^2-graded subcoalgebras 
have non-zero intersection. A maximal irreducible ^2-graded subcoalgebra of C is called 
an irreducible component of C. A ^2-graded coalgebra is simple if it has no non-zero 
proper ^2-graded subcoalgebras. A ^2-graded coalgebra is pointed if all simple Z2- 
graded subcoalgebras are 1-dimensional. 



The structure theorem for cocomutative coalgebras |^ is also valid in the .^2-graded 
case P, BH . 
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Theorem A. 3.1 Any cocomutative Z2-g'^0'd^d coalgebra is a direct sum of its irreducible 
components. 

An element g oi a. ^2-graded coalgebra is called group-like if Ag = g®g. We denote the set 
of all group- like elements of a -^2-graded coalgebra C by G{C). For all g G G(C), IRg C Cq 
is a 1-dimensional simple ^2-graded subcoalgebra of C. When a ^2-graded cocomutative 
coalgebra is pointed, each irreducible component Cg of C is uniquely determined by a 
unique group- like element g contained in Cg. Then the direct sum decomposition takes 
the form 

C = © Cn . 

g£G{C) 



In the case of a pointed irreducible coalgebra C some further structure information is 
encoded in so called coradical filtration [^. We shall briefly describe the ^2-graded 



version of this construction and theorem 0, 38 



Definition A. 3. 2 A filtration of a Z2-graded coalgebra C is a family IC^'^' > of Z2- 
graded subcoalgebras such that 

1. For any k < k' , C^^'^ is a Z2-graded subcoalgebra of C^^ ' . 

2. C= \] C^''^ . 

fc > 

k 

3. AC^''^ = J2C^''~^) (g) 6^, for all k>0. 

i=0 

Let Cg be a pointed irreducible ^2-gi'aded coalgebra and g its unique group-like element. 
There is direct sum decomposition 



Cg = Rg® C, 



9 ' 



where C^ = ker^c- Let Hg : Cg ^ Cg be the projection on the second factor. We define 
family JC^'^^ [ of .^2-graded subcoalgebras of Cg-. 

Cf = IRg , 

Cf ) = ker f ' 7r+) o A'^ , A; > 1 . 



Since both 7r+ and A'^ are morphisms of .^2-graded spaces, C^'^^ is a .^2-graded subspace 
of Cg for all A; > 1 . 

Proposition A.3.1 If c e C^^ = C'^^'^ n C+, then 

Ac = g®c^ + c^ ® g + y , 

where 

yeY.Cf^®Cf-'^^ . 

i=l 
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Theorem A. 3. 2 The family \C^}'' \ is a filtration of the coalgebra Cg. 
The fihration of the theorem above is called the coradical filtration. 

Let g he a group-like element of a ^2-graded coalgebra C. An element p E C is called 
primitive with respect to g if 

Ap = p®g + g®p . 

We denote the set of all elements p E C primitive with respect to g by Pg{C). Note that 
Pg{C) C Cg, where Cg is the irreducible component containing g. By PropA.3.1 

C^^'^ = Mg ® Pg{C) . 

In particular Pg{C) is a ^2-graded subspace of C. In case of a pointed irreducible ^2- 
graded coalgebra C we denote by P{C) the space of all primitive elements with respect to 
a unique group-like element in C. 

Proposition A. 3. 2 Let C, V be Z:2-graded cocommutative coalgebras and $, \I' morphisms 
of Zi2-graded coalgebras V ^> C. Suppose C is pointed irreducible, then f = g if and only 
i/Im($-^)nP(C) = {0}. 



Definition A. 3. 3 A bigraded coalgebra is a !Z2-graded coalgebra C with a Z^-grading 

C= ®C^ such that: 
fe > 

1. For every k >0, C'' is a Z2-graded subspace of C. 

2. e{C'') =0 for allk>l. 

3. For every k>0, A(C'=) c C^ ® C''^\ 

i = 

A bigraded coalgebra C is called strictly bigraded ifC^ = lR and C^ coincides with the space 
P{C) of all primitive elements ofC. 

Note that the condition C^ = IR implies that a strictly bigraded coalgebra is pointed 
irreducible. The relation between the .^+-grading and the coradical filtration in strictly 
bigraded coalgebras is given by the following 

Proposition A. 3. 3 A bigraded coalgebra C with C^ = IR is strictly bigraded if and only 
if for every k > 

i = 
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A. 4 Graded bialgebras 



Definition A. 4.1 A system {B, fi,u, A,e) where B is a Z:2-graded space and fi,u,A,e 
are morphisms of Z2 -graded spaces 

li:B®B — >B A:B — >B®B 

u-.M — >B e:B — >]R 

is called a Z2-graded bialgebra if 

1. {B,fi,u) is a Z:2-graded algebra. 

2. {B,A,e) is a Z:2-graded coalgebra. 

3. A and e are morphisms of Z: 2- graded algebras. 

Note that condition 3. can be replaced by requirement that /i and u are morphisms of 
^2-graded coalgebras. 

Definition A. 4. 2 A bigraded bialgebra is a ^2-g'f^O'ded bialgebra which is both a bigraded 
algebra and bigraded coalgebra with respect to the same Zj^-grading. 

A bigraded bialgebra is called cocommutative, pointed, irreducible, strictly bigraded, if it 
is so with respect to its coalgebra structure. 

Definition A. 4. 3 A ^2-gT^cided bialgebra Ti is called a Z2-gi"(ided Hopf algebra if there 
exists a morphizm of ^2-gT^o-ded spaces s : Ti ^ 7i such that the diagram 

A _ A 



n(E)n 



id 



n 



R 



n^n 



^ 



n 



/^ 



n®n 



id( 



n^H 



commutes. The morphism s is called the antipode ofTi. 



The antipode if exists is unique. One can also show that s is a .^2-graded algebra and 
coalgebra antimorphism i.e the following diagrams are commutative. 



n®n — 

s ® s 

n®n — 



n 



/^ 



]R 




n 




n 



n 



n 



n 



A 



A 



s ® s 



n 





M 



n 



If 7i is a bigraded bialgebra and the antipode exists it necessarily respects ^_|_-grading. 



56 



A. 5 Dual coalgebras 

Let {A, M, u) be an algebra over IR with multiplication M : A ® A ^ A and unit 
u : M ^ A. We denote by ^4° the subspace of the full algebraic dual A' consisting of all 
elements a & A' such that kera contains a cofinite ideal of A. 

Proposition A. 5.1 Let A,B be Z2-graded algebras and F : A ^ B a morphism of 
M2-9i"o,ded algebras. Then: 

1. A° is a linear subspace of A' . 

2. Let F' : B' ^ A' be dual to F : A ^ B . Then F\B°) C A° . 

3. A° ®B° = {A®B)°. 

4. Let M' : A ^ (AiS) A)' be the dual to the multiplication in A. Then M'{A°) C 

A°0A°. 

Proposition A. 5. 2 Let {A,M,u) be a Z2-gi"(^ded algebra over M. Then the maps 

A = M|'^o -.A" — > A°^A° , 
e = MJ^o -.A" — > M , 

define on A° a structure of Z2-gi"o,ded coalgebra. If A is M2-gi"0'ded commutative then A° 
is M2-gi"o,ded cocommutative. 

Definition A. 5.1 The coalgebra {A°,A,e) 0/ Prop. A. 5. 2 is called the dual coalgebra of 
The following property of {A°, A, e) may serve as independent definition of dual coalgebra. 

Proposition A. 5. 3 A° is the maximal coalgebra in A' i.e. if for a G A' , M'{a) G A'^A' 
then a e A°. 

The dual coalgebras of ^2-graded algebras of sup erf unctions on BLK supermanifolds have 
been analysed in 0, |3^. Here we briefly present structure results used in the main text. 



Proposition A. 5. 4 Let A{M) be the Z:2-graded algebra of superfunctions on a super- 
manifold Am ■ Then 

1. A{M)° is a pointed ^2-gi"(ided cocomutative coalgebra. 

2. Each group-like element of A{M)° is of the form 

Sp={p, .): A{M) 3 / — . f%p) G M , 

for some p G M. 

By the structure theorem for pointed .^2-gi'aded cocomutative coalgebras (Th.A.3.1), one 
has 
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Proposition A. 5. 5 A{M)° is the direct sum of pointed irreducible coalgebras 

AiMy= e A{M)i , 

where A{M)° denotes the irreducible component containing the group-like element 6p. 

Applying the structure theorem for pointed irreducible ^2-graded coalgebras (ThA.3.2) 
one gets for each irreducible component A{M)° the coradical filtration 



with 



AiM);= \JAiM)f^ 



.(0) 



AiMV^") = Rp 



^(M)°W = lRp®P{A{M); 



V' 



where Pi^AiMY-p) is the space of all primitive with respect to bp elements of AiM^ ■ ^ 
more detailed description is given by the following P, ^ 

Proposition A. 5. 6 Let ^(M)° = U A{M')°^^'^ be the coradical filtration of the irre- 
ducible component ^(M)° of the dual coalgebra ^(M)°. Then for each k >0 

A{M)f^ = {ae ^(M)°(^) : {a,I^+') = o} = {A{M)/I^+'y , 

where Ip is a maximal ideal in A{M) consisting of all superfunctions f G A{M) such that 
f{p) = 0. 
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